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Abstract.

Let G be the group of polynomial automorphisms of the complex affine plane. On
one hand, G can be endowed with the structure of an infinite dimensional algebraic group
(see [26]) and on the other hand there is a partition of G according to the multidegree
(see [5]). Let Gd denote the set of automorphisms whose multidegree is equal to d. In this
paper, we state a conjecture dealing with polynomial composition in one indeterminate
and we prove it in a few particular cases. This conjecture allows us to describe the closure
of Gd when d is of length 2.
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INTRODUCTION.

Let K be a field of characteritic 0. It is well known that the following statement
of Abhyankar-Moh-Suzuki (see [1, 28]) dealing with polynomials in one indeterminate
easily implies Jung’s theorem (see [14]) asserting that any polynomial automorphism of
the affine plane A2

K is a composition of affine and triangular automorphisms.

Abhyankar-Moh-Suzuki Theorem. If a, b ∈ K[X] are such that K[a, b] = K[X],
then deg a divides deg b or deg b divides deg a.

In the same vein, we think that the following statement dealing with polynomials in
one indeterminate is true for any m,n ≥ 1 and we will show that it has some application
in the theory of plane polynomial automorphisms. Using Gröbner basis, we have checked
it when m ≤ 5 and n ≤ 8.

R(m,n). Let a = X(1+a1X+ . . .+amX
m), b = X(1+b1X+ . . .+bnX

n) ∈ C[X], where
the ai, bj ∈ C. Let us write a ◦ b = X(1+c1X+ . . . cNX

N ), where N = (m+1)(n+1)−1
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and the ck ∈ C. If c1 = . . . = cm+n = 0, then a = b = X.

Let us begin to explain why this may be interpreted as a rigidity statement. Con-
sidering ai, bi as indeterminates of degree i allows us to see each ci as a homogeneous
polynomial of degree i in C[a1, . . . , am, b1, . . . , bn]. The hypothesis R(m,n) means that
c1, . . . , cm+n is a regular system of parameters of C[a1, . . . , am, b1, . . . , bn]. For the notion
of a regular system of parameters, see any book of commutative algebra (for example [4])
or §2.2 below. Therefore, R(m,n) is still equivalent to asserting that the polynomial en-
domorphism of Am+n

C sending (a1, . . . , am, b1, . . . , bn) to (c1, . . . , cm+n) is quasi-finite (i.e.
each of its fiber is a finite set). In some sense, this means that polynomial composition
is rigid.

In this connection, let us recall the famous result of Ritt on polynomial composition
(see [22]). A polynomial a ∈ C[X] of degree ≥ 2 is prime if the relation a = b ◦ c
implies that b or c has degree 1. If deg f ≥ 2, it is clear that f admits a decomposition
f = f1 ◦ . . . ◦ fr into prime polynomials. Let us note that a ◦ b = c ◦ d in the three
following cases:

(i) a, b are any polynomials and c = a ◦ l, d = l−1 ◦ b, where l has degree 1 and
l−1 is its inverse for the composition;

(ii) a = d = tm and b = c = tn, where tm(X) = cos(m arccosX) is the m-th
Chebyshev polynomial;

(iii) a = d = Xm, b = Xnp(Xm) and c = Xnp(X)m, where p is any polynomial,
and the converse situation, i.e. b = c = Xm, d = Xnp(Xm) and a = Xnp(X)m.

If f = f1 ◦ . . . ◦ fr is a prime decomposition, then, by replacing an adjacent pair
(fi, fi+1) = (a, b) by (c, d) where a, b, c, d are as in (i-iii) above, we obtain a new prime
decomposition. This process is called an elementary transformation.

Ritt’s Theorem. The prime decomposition is unique modulo elementary transforma-
tions, i.e. if we are given two prime decompositions of some polynomial, we can pass
from one to the other by applying elementary transformations.

Many problems related to polynomial composition (and iteration!) are intricate. For
example, the famous Mandelbrot set is defined as the set of complex c-values for which
the orbit of 0 under iteration of p(X) = X2 + c remains bounded! In fact, R(m,n) is
related to the next hypothesis which perhaps looks more attractive.

R(m). Let a = X(1 + a1X + . . . + amX
m) ∈ C[X] and let a−1 ∈ C[[X]] be its formal

inverse for the composition. If m consecutive coefficients of a−1 vanish, then a = X.

If a−1 = X
(

1 +
∑
n≥1

bnX
n
)
, the vanishing conditions means that there exists an

integer n such that bn+k = 0 for 0 ≤ k < m. With words, the conjecture R(m) means
that the inverse for the composition of a non trivial polynomial is badly approximated
by polynomials. Let us remark the analogy with Heisenberg’s uncertainty principle in
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quantum mechanics asserting that one cannot reduce arbitrarily the uncertainty as to
the position and the momentum of a free particle (see [29] and [19] for mathematical
statements). In fact, many mathematical results contain a close idea. For example,
rationals are badly approximated by rationnals: if α is any real number, Hurwitz has

proved that there are infinitely many rationals
p

q
such that

∣∣∣∣α− p

q

∣∣∣∣ < 1√
5q2

if and only

if α is irrational (see [13]). Algebraic numbers are also badly approximated by rationals.
Roth has proved that for algebraic α and ε > 0, there exist only finitely many rationals

p

q

such that
∣∣∣∣α− p

q

∣∣∣∣ < 1

q2+ε
(see [23]). On the converse, this idea was first used by Liouville

to construct transcental numbers (see [17, 18]). We will show below (see lemma 1.2) that
R(m) holds if and only if R(m,n) holds for any n. Coming back to our initial formulation
R(m,n), our first result is the following:

Theorem A. If m or n ≤ 2, then R(m,n) is true.

To give an application to plane polynomial automorphisms, we need some notations.
A polynomial endomorphism of A2

K will be identified with its sequence f = (f1, f2) of
coordinate functions fj ∈ K[X,Y ]. We define its degree by deg f = max

1≤ j≤ 2
deg fj .

The space E := C[X,Y ]2 of polynomial endomorphisms of A2
C is naturally an infinite

dimensional algebraic variety (see [25, 26] for the definition). This roughly means that
E≤m := {f ∈ E , deg f ≤ m} is a (finite dimensional) algebraic variety for any m ≥ 1,
which comes out from the fact that it is an affine space. If Z ⊆ E , we set Z≤m := Z∩E≤m.
The space E is endowed with the topology of the inductive limit, in which Z is closed
(resp. open, resp. locally closed) if and only if Z≤m is closed (resp. open, resp. locally
closed) in E≤m for any m.

Let G be the group of polynomial automorphisms of A2
C. Since G is locally closed in

E (see [2, 25, 26]), it is naturally an infinite dimensional algebraic variety.
Let A := {(aX+bY +c, dX+eY +f), a, b, c, d, e, f ∈ C, ae−bd 6= 0} be the subgroup

of affine automorphisms and B := {(aX + p(Y ), bY + c), a, b, c ∈ C, p ∈ C[Y ], ab 6= 0}
be the subgroup of triangular automorphisms (B may be viewed as a Borel subgroup of
G). If f ∈ G, by [14, 16, 21] one can write f = α1.β1. . . . .αk.βk.αk+1 where the αj ’s
(resp. βj ’s) belong to A (resp. B). By contracting such an expression, one might as
well suppose that it is reduced, i.e. ∀j, βj /∈ A and ∀j, 2 ≤ j ≤ k, αj /∈ B. It follows
from the amalgamated structure of G that if f = α′1.β

′
1. . . . .α

′
l.β
′
l.α
′
l+1 is another reduced

expression of f , then k = l and there exist (γj)1≤j≤k, (δj)1≤j≤k in A ∩ B such that
α′1 = α1.γ

−1
1 , α′j = δj−1.αj .γ

−1
j (for 2 ≤ j ≤ k), α′k+1 = δk.αk+1 and β′j = γj .βj .δ

−1
j

(for 1 ≤ j ≤ k). Following [5] (resp. [7]), we define the multidegree (resp. length) of f
by d(f) := (deg β1, . . . , deg βk) (resp. l(f) = k). In fact, these notions of multidegree
and length could be defined in the same way for a polynomial automorphism of A2

K ,
where K is any field. We recall that degree and multidegree are related by deg f =
deg β1 × . . . × deg βk (see [30, 5]). Let D be the set of multidegrees, i.e. of finite
sequences of integers ≥ 2 (including the empty sequence). If d = (d1, . . . , dl) ∈ D, Gd
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will denote the set of automorphisms whose multidegree is equal to d. By [5, 9], Gd is an
irreducible smooth, locally closed subset of G of dimension d1 + . . .+ dl + 6. Let us note
that Gd ⊆ G≤n as soon as n ≥ d1 . . . dl and that we have a partition of G as a disjoint
union G =

∐
d∈D
Gd. What can be said on the closure of Gd?

By [7], the length of an automorphism is lower semicontinuous. Therefore, any el-
ement of Gd has length ≤ l. The simplest non trivial related example is given by the
Nagata automorphism N := (X − 2YW − ZW 2, Y + ZW,Z), where W = XZ + Y 2(see
[21]). This automorphism of A3

C can be seen as an automorphism of A2
C[Z] inducing as

well a morphism A1
C → G, z 7→ Nz. If z 6= 0, the factorization Nz = (X − z−1Y 2, Y ) ◦

(X,Y + z2X) ◦ (X + z−1Y 2, Y ) shows us that Nz has multidegree (2, 2). If z = 0,
N0 = (X − 2Y 3, Y ) so that N0 has multidegree (3). This yields us G3 ∩ G(2,2) 6= ∅.
Inspired by the analysis of similar examples, we hoped (erroneously) that the equality
Gd =

⋃
e� d
Ge might always be true, where � is defined in the following way:

Definition. � is the partial order on D induced by the relations:
(i) ∅ � d (for any d);
(ii) (d1, . . . , dk) � (e1, . . . , ek) when dj ≤ ej for any j;
(iii) (d1, . . . , dj−1, dj + dj+1 − 1, dj+2, . . . , dk) � (d1, . . . , dk) when 1 ≤ j ≤ k − 1.

However, by [3], there cannot exist any partial order v such that Gd =
⋃
ev d
Ge when

d = (11, 3, 3) ! Actually, it is proved there that G(19) ∩ G(11, 3, 3) 6= ∅ and for grounds of
dimension we cannot have G(19) ⊆ G(11, 3, 3). As a matter of fact reality is often complex.
We now think that the equality Gd =

⋃
e� d
Ge is actually true in length ≤ 2 ! It has been

proved in length ≤ 1 in [6] and this paper settles the length 2 case modulo R(m,n):

Theorem B. If R(m,n) is true and d = (m+ 1, n+ 1), then Gd =
⋃
e� d
Ge.

Remark. If Gd =
⋃
e� d
Ge holds in length ≤ 2, we get Gd ⊇

⋃
e� d
Ge for any d.

Theorems A and B directly imply:

Theorem C. If d = (d1, d2) ∈ D with d1 or d2 ≤ 3, then Gd =
⋃
e� d
Ge.

As a funny and easy consequence of the last outcome, we will show:

Theorem D. Any closed subgroup of G containing the affine group and an automorphism
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of length 1 is equal to G.

Remarks. 1. Let us note that any subgroup of G strictly containing the affine group is
dense in G for the Krull topology (see theorem A of [8]). This means that any element
of G can be approximated at the origin and at any order by an element of this subgroup.
Furthermore, by a result of Shafarevich, any closed subgroup of G whose Lie algebra
equals the one of G is equal to G (see theorem 1 of [26] and [27]). However, one can-
not obtain from these results the statement (stronger than theorem D) that any closed
subgroup of G strictly containing the affine group is equal to G. Indeed, even if such a
subgroup is dense in G for the Krull topology, it is not clear (for us) that its Lie algebra
equals the one of G.

2. We recall that any closed subgroup of G which is a finite dimensional algebraic
variety is conjugated to either a subgroup of A or B (see theorem 8 of [25], theorem 4.3
of [15] or theorem 7 of [10]).

Question. Does there exist a non trivial closed subgroup of G containing the affine
group?

The paper is divided into four sections. In section 1, we study the rigidity’s hypothesis
R(m,n) and prove theorem A. In section 2, we give some preliminary results to be used
in section 3 where we prove theorem B. In section 4, we prove theorem D.

I. THE RIGIDITY’S HYPOTHESIS.

In subsection 1, we give some generalities. In subsection 2, we prove theorem A and
in subsection 3, we study the hypothesis R(3).

1. Generalities.

We begin to show that m and n play the same role in R(m,n):

Lemma 1.1. R(m,n) is equivalent to R(n,m).

Proof. Let val : C((X)) → Z ∪ {+∞} be the valuation associated to the discrete
valuation ring C[[X]].

R(m,n) means that if a = X(1+a1X+. . .+amX
m) and b = X(1+b1X+. . .+bnX

n)
are such that val(a ◦ b −X) ≥ m + n + 2, then a = b = X. Therefore, it is enough to
note that val(a ◦ b−X) = val(b ◦ a−X).

Indeed, if p := a ◦ b−X, q := b ◦ a−X and a−1(X) ∈ C[[X]] is the formal inverse
of a for the composition, we have p = a ◦ q ◦ a−1, so that val p = val q. We have used the
fact that val(u ◦ v) = valu× val v when u, v ∈ XC[[X]]. �
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As announced, we establish the link between R(m,n) and R(m):

Lemma 1.2. If m ≥ 1, the two following assertions are equivalent:
(i) R(m) holds;
(ii) R(m,n) holds for any n ≥ 1.

Proof. If a = X(1 + a1X + . . . + amX
m) and b = X(1 + b1X + . . . + bnX

n), we have
val(a ◦ b−X) = val(b− a−1). �

In the next computation, we found it convenient to express a = X(1 + a1X + . . . +
amX

m) as a = X(1− λ1X) . . . (1− λmX).

Lemma 1.3. If a = X(1− λ1X) . . . (1− λmX), we have a−1 = X

1 +
∑
n≥1

un
n+ 1

Xn

,

where un =
∑

j1 + ...+ jm=n

(
n+ j1
n

)
. . .

(
n+ jm
n

)
λj11 . . . λjmm .

Proof. If
∮

denotes integration over a little circle around the origin, it comes out (by
Lagrange formula):

un =
n+ 1

2πi

∮
a−1(X)

Xn+2
dX =

n+ 1

2πi

∮
Y

an+2(Y )
a′(Y )dY by setting X = a(Y );

=
1

2πi

∮
dY

an+1(Y )
by integrating by parts.

Therefore, un is theXn-coefficient of
∏

1≤ k≤m

1

(1− λkX)n+1
∈ C[[X]] and we conclude

thanks to the Taylor series expansion
1

(1−X)n+1
=
∑
j≥ 0

(
n+ j

n

)
Xj . �

The assertion R(m) means that if m consecutive un vanish, then the λi also. It
is sufficient to show that uk = 0 when k is big enough, because in this case a−1 is a
polynomial and the relation X = a ◦ a−1 shows us that a = X (by taking the degree).
We will adopt this point of view in the next subsections.

2. Proof of theorem A.

According to lemmas 1.1 and 1.2, it is sufficient to prove R(m) for m = 1, 2. We take
the notations of lemma 1.3 and proceed as explained after this lemma.
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Proof of R(1). If un =

(
2n

n

)
λn1 , we want to show that the equality uk = 0 (for some

k) implies λ1 = 0.
This is obvious. �

Proof of R(2). If un =
∑

i+ j=n

(
n+ i

n

)(
n+ j

n

)
λi1λ

j
2, we want to show that the equality

uk = uk+1 = 0 (for some k) implies λ1 = λ2 = 0.
This will come out from the following linear recurrence relation which we have found

by using a computer but which is easy to check by hand (exercise!):

n(n− 1)(λ1 − λ2)2un + (n− 1)(2n− 1)(λ1 + λ2)(λ1 − 2λ2)(λ2 − 2λ1)un−1
−3(3n− 4)(3n− 2)λ21λ

2
2un−2 = 0.

Let us begin to show by contradiction that λ1 = λ2. Otherwise, the above relation
shows us that for any n the following implication holds: (un−2 = un−1 = 0 =⇒ un = 0).
Therefore, un = 0 for n ≥ k and we have seen that this implies λ1 = λ2 = 0. A
contradiction.

Let us now set λ := λ1 = λ2. The above relation gives us:

2(n− 1)(2n− 1)λ3un−1 − 3(3n− 4)(3n− 2)λ4un−2 = 0.

Let us show by contradiction that λ = 0. Otherwise, the last relation shows us that
for any n the following implication holds: (un−2 = 0 =⇒ un−1 = 0). We still get un = 0
for n ≥ k, so that λ = 0. A contradiction. �

3. The hypothesis R(3).

Let un :=
∑

i+ j+ k = n

(
n+ i

n

)(
n+ j

n

)(
n+ k

n

)
λi1λ

j
2λ

k
3 ∈ Z[λ1, λ2, λ3].

By lemma 1.3, the hypothesis R(3) is equivalent to saying that uk, uk+1, uk+2 is a
regular system of parameters of C[λ1, λ2, λ3] (for any k ≥ 1).

Before giving the linear recurrence relation satisfied by the un, we need some nota-
tions. If µ = (µ1, µ2, µ3) where µi are integers satisfying µ1 ≥ µ2 ≥ µ3 ≥ 0, we define
mµ ∈ Z[λ1, λ2, λ3] by mµ :=

∑
λν11 λ

ν2
2 λ

ν3
3 where (ν1, ν2, ν3) describes all distinct permu-

tations of the triple (µ1, µ2, µ3). We will identify (µ1, µ2) and (µ1, µ2, 0) as well as (µ1)
and (µ1, 0, 0). Hence m(1) = λ1 +λ2 +λ3, m(1,1) = λ1λ2 +λ1λ3 +λ2λ3, m(1,1,1) = λ1λ2λ3
and m(3,2,1) = λ31λ

2
2λ3 + λ31λ2λ

2
3 + λ21λ

3
2λ3 + λ1λ

3
2λ

2
3 + λ21λ2λ

3
3 + λ1λ

2
2λ

3
3.

We set ∆ = (λ1 − λ2)2(λ1 − λ3)2(λ2 − λ3)2 and define the Mi, Ni for 1 ≤ i ≤ 5 by:

M1 = 9m(4,2) − 14m(4,1,1) − 9m(3,3) + 3m(3,2,1) − 3m(2,2,2);
M2 = 5m(4,2) − 8m(4,1,1) − 5m(3,3) + 2m(3,2,1) − 3m(2,2,2);
M3 = 39m(4,2) − 62m(4,1,1) − 39m(3,3) + 15m(3,2,1) − 21m(2,2,2);
M4 = 33m(4,2) − 52m(4,1,1) − 33m(3,3) + 12m(3,2,1) − 15m(2,2,2);
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M5 = 6m(4,2) − 10m(4,1,1) − 6m(3,3) + 3m(3,2,1) − 6m(2,2,2);

N1 = −2m(5,2) + 4m(5,1,1) + 3m(4,3) − 3m(4,2,1) − 8m(3,3,1) + 8m(3,2,2);
N2 = 10m(9,4)−36m(9,3,1) +52m(9,2,2)−25m(8,5) +63m(8,4,1)−38m(8,3,2) +10m(7,6) +

30m(7,5,1) − 146m(7,4,2) + 216m(7,3,3) − 60m(6,6,1) + 70m(6,5,2) − 32m(6,4,3) − 60m(5,5,3) +
40m(5,4,4);

N3 = −27m(4,4) + 36m(4,3,1) − 2m(4,2,2) − 52m(3,3,2);
N4 = −342m(8,6)+1006m(8,5,1)−1110m(8,4,2)+972m(8,3,3)+342m(7,7)−141m(7,6,1)−

1301m(7,5,2) + 900m(7,4,3) + 1178m(6,6,2) − 15m(6,5,3) − 724m(6,4,4) + 238m(5,5,4);
N5 = 10m(8,6)−30m(8,5,1)+34m(8,4,2)−30m(8,3,3)−10m(7,7)+5m(7,6,1)+37m(7,5,2)−

27m(7,4,3) − 38m(6,6,2) + 5m(6,5,3) + 20m(6,4,4) − 10m(5,5,4).

If we now set
An = n(n− 1)(n− 2)(M1n− 3M2)∆,
Bn = (n− 1)(n− 2)[(2M1n

2 −M3n)N1 − 3N2],
Cn = (n− 2)[(M1n

3 −M4n
2)N3 + 3nN4 + 36N5],

Dn = 8(2n− 3)(4n− 7)(4n− 9)(M1n−M5)m
3
(1,1,1),

one can show (using a computer!) that for n ≥ 4, we have:
Anun +Bnun−1 + Cnun−2 +Dnun−3 = 0.

The difference with the recurrence relations obtained for R(1) and R(2) is that the
coefficient M1n− 3M2 of An depends on n and the λi together. Therefore, if we assume
that uk = uk+1 = uk+2 = 0, we do not succed to show that uk+3 = 0! However, this
could probably be done by a closer analysis.

II. PRELIMINARY RESULTS.

In subsection 1, we give a valuative criterion to characterize the elements of f(V )
where f : V →W is a morphism of complex algebraic varieties. The only valuation ring
we need is the ring of complex formal power series.

In subsection 2, after recalling equivalent definitions of a regular system of parameters,
we give two results related with formal power series.

Finally, in subsection 3, we make some technical definitions which will allow us (in
the next section) to prove theorem B by applying the results of subsections 1 and 2.

1. Valuative criterion.

Even if the criterion below sounds familiar (see for example [20], chap. 2, §1, pp
52-54 or [11], §7), we have given a proof of it in [9].

Let C[[T ]] be the algebra of complex formal power series and let C((T )) be its quotient
field. If V is a complex algebraic variety and A a complex algebra, V (A) will denote the
points of V with values in A, i.e. the set of morphisms SpecA → V . If v is a closed
point of V and ϕ ∈ V

(
C((T ))

)
, we will write v = lim

T→0
ϕ(T ) when:
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(i) the point ϕ : SpecC((T ))→ V is a composition SpecC((T ))→ SpecC[[T ]]→ V ;
(ii) v is the point SpecC→ SpecC[[T ]]→ V .

For example, if V = A1
C and ϕ ∈ V

(
C((T ))

)
= C((T )), we will write v = lim

T→0
ϕ(T )

when ϕ ∈ C[[T ]] and v = ϕ(0).

Valuative criterion. Let f : V → W be a morphism of complex algebraic varieties
and let w be a closed point of W . The two following assertions are equivalent:

(i) w ∈ f(V );
(ii) w = lim

T→0
f(ϕ(T )) for some ϕ ∈ V

(
C((T ))

)
.

Remark. Note the analogy with the metric case where w ∈ f(V ) if and only if there
exists a sequence (vn)n≥1 of V such that w = lim

n→+∞
f(vn).

Using this criterion, it is easy to deduce the following result (see [9], corollary 1.1):

Corollary 2.1. If d ∈ D and f ∈ G, the following assertions are equivalent:
(i) f ∈ Gd;
(ii) f = lim

T→0
gT for some g ∈ Gd

(
C((T ))

)
.

Remark. Since Gd is locally closed in G (see [9]), there is a natural identification between
Gd(K) and the set of automorphisms of A2

K whose multidegree is equal to d, for any field
K containing C.

2. Regular system of parameters and formal power series.

Let K be an algebraically closed field and let ArK be the affine r-space over K. Let us
grade the polynomial algebra R = K[z1, . . . , zr] by assigning each zk to be homogeneous
of some strictly positive degree (depending on k). For each m ≥ 0, we agree that Rm is
the set of m-homogeneous polynomials of R. If p = (p1, . . . , pr) ∈ Rr, let φp : ArK → ArK
be the morphism of algebraic varieties defined by φp(z) = (p1(z), . . . , pr(z)) for z ∈ ArK .
Let also Ip be the ideal of R generated by p1, . . . , pr. If each pk is homogeneous of
some strictly positive degree (depending on k), we recall the following criterion and its
corollary.

Regularity Criterion. The r-uple p is a regular system of parameters of R if the
following equivalent assertions are satisfied:

(i) (φp)
−1(0) = {0};

(ii) φp is a finite morphism;
(iii) φp is a quasi-finite morphism;
(iv) φp is a proper morphism;
(v) φp is a flat morphism;
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(vi) dimKR/Ip < +∞;
(vii) if d > max

k
deg pk, then for big enough l we have Rdl ⊆ I l.

Corollary 2.2. If p = (p1, . . . , pr) is a regular system of parameters of K[z1, . . . , zr], the
map φp : ArK → ArK is surjective.

Proof. Since φp is proper (resp. flat), its image is closed (resp. open). �

Let val : C((T )) → Z ∪ {+∞} be the valuation associated to the discrete valuation
ring C[[T ]].

Lemma 2.1. If (p1, . . . , pr) is a regular system of parameters of R := C[z1, . . . , zr]
and q ∈ R is homogeneous with deg q > max

k
deg pk, then for any b ∈ ArC[[T ]] satisfying

b(0) = 0, we have:

val q(b) ≥ min
k

val pk(b) + 1.

Proof. By (vii) of the regularity criterion, there exists l ≥ 1 such that ql ∈ (p1, . . . , pr)
l.

For any α = (α1, . . . , αr) ∈ Nr, let us set pα = pα1
1 . . . pαrr and |α| = α1 + . . .+ αr.

If A := {α ∈ Nr, |α| = l}, we can write ql =
∑
α∈A

sα p
α (sα ∈ R). Furthermore, we

may assume that sα ∈ Rdα , where dα := deg ql − deg pα ≥ l(deg q −max
k

deg pk) ≥ l ≥ 1.

Evaluating at b and taking the valuation, we get: l val q(b) ≥ min
α∈A

val sα(b)pα(b). But

val sα(b) ≥ 1 and val pα(b) ≥ l min
k

val pk(b), so that l val q(b) ≥ l min
k

val pk(b) + 1. �

Lemma 2.2. If p = (p1, . . . , pr) is a regular system of parameters of C[z1, . . . , zr] and
γ ∈ ArC, there exist q ≥ 1 and b ∈ ArC[[T ]] such that b(0) = 0 and p(b) = T q γ.

Proof. Let K :=
⋃
q≥1

C((T
1
q )) be the quotient field of the ring

⋃
q≥1

C[[T
1
q ]] of all formal

Puiseux series. By Newton-Puiseux theorem (see for example proposition 4.4 in [24]), K
is an algebraic closure of C((T )). Let us note that p is a regular system of parameters
of R := K[z1, . . . , zr]. By corollary 2.2, there exists a ∈ ArK such that p(a) = Tγ. Let
q ≥ 1 be such that b := a(T q) ∈ ArC((T )). Replacing T by T q, we get p(b) = T qγ. Using
the valuative criterion of properness (see for example II, 4.7 in [12]), it is clear that
b ∈ ArC[[T ]]. Since p(b(0)) = 0, by (i) of the regularity criterion, we get b(0) = 0. �

3. Technical definitions.

If m,n ≥ 1 are fixed, we set N := (m+ 1)(n+ 1)− 1.
Let A0, . . . , Am, B1, . . . , Bn be indeterminates and let C[B] (resp. C[A,B]) be the

10



polynomial algebra generated by the Bj (resp. by the Ai, Bj). We grade these polynomial
algebras by assigning Ai, Bi to be homogeneous of degree i.

We will now successively define homogeneous polynomials:

• Ci ∈ C[A,B] of degree i for 1 ≤ i ≤ N ;
• Ui,j ∈ C[B] of degree i− j for 1 ≤ i ≤ N , 0 ≤ j ≤ m;
• Wi,j ∈ C[B] of degree i− j for 1 ≤ i, j ≤ m;
• Di ∈ C[B], Ei ∈ C[A,B] of degree i for 1 ≤ i ≤ m;
• Fi ∈ C[B], Gi ∈ C[A,B] of degree i for 1 ≤ i ≤ N ;

satisfying the following points:

(0)
∑

1≤ i≤N
CiX

i+1 = A ◦ B (X)−A0X

where A(X) :=
∑

0≤ i≤m
AiX

i+1 and B(X) := X +
∑

1≤ i≤n
BiX

i+1;

(1) Ai = A0Di + Ei for 1 ≤ i ≤ m; (2) Ci = A0Fi +Gi for 1 ≤ i ≤ N ;

(3) Ei =
∑

1≤ j≤m
Wi,j Cj for 1 ≤ i ≤ m; (4) Gi :=

∑
1≤ j≤m

Ui,jEj for 1 ≤ i ≤ N ;

(5) the matrices (Ui,j)1≤ i, j≤m and (Wi,j)1≤ i, j≤m are inverses of one another.

Later on, we will only use the above points (0-5) so that the reader in a hurry can
skip the following technical construction.

Construction.

• The Ci ∈ C[A,B] are uniquely defined by (0).

• The Ui,j ∈ C[B] are uniquely defined by Ci =
∑

0≤ j≤m
Ui,jAj (1 ≤ i ≤ N).

Matricially, this may be written C = U.A, where A (resp. C) is the column vector
A = (Ai)0≤ i≤m (resp. C = (Ci)1≤ i≤N ) and U is the matrix U = (Ui,j) 1≤ i≤N

0≤ j≤m
.

We have U =

 V
B
∗

 where B is the column vector B = t(B1, . . . , Bn, 0, . . . , 0)

and V := (Ui,j)1≤ i, j≤m is lower triangular with 1’s on the diagonal.

• The matrix W = (Wi,j)1≤ i, j≤m is defined as the inverse of V.

• The column vectors D = (Di)1≤ i≤m and E = (Ei)1≤ i≤m are defined by D :=

−W.B̃ and E := W.C̃, where B̃ (resp. C̃) denotes the column vector obtained from B
(resp. C) by keeping its first m rows. Since the column vector Ã := t(A1, . . . , Am)
satisfies C̃ = A0B̃ + V.Ã, we get Ã = −A0W.B̃ + W.C̃, i.e. Ã = A0D + E, which is (1).

11



• Fi, Gi are defined by Fi := Ui,0 +
∑

1≤ j≤m
Ui,jDj and Gi :=

∑
1≤ j≤m

Ui,jEj (1 ≤ i ≤ N).

Since Ci =
∑

0≤ j≤m
Ui,jAj for 1 ≤ i ≤ N and Aj = A0Dj + Ej for 1 ≤ j ≤ m, we get

Ci = Ui,0A0 +
∑

1≤ j≤m
Ui,j(A0Dj + Ej) and (2) follows. The assertions (3), (4) and (5) are

obvious.

Remark. We have Gi =
∑

1≤ j, k≤m
Ui,jWj,k Ck, so that if i ≤ m, we get Gi = Ci and Fi = 0.

We will always use R(m,n) through the next statement.

Lemma 2.3. If R(m,n) is satisfied, the family (Fm+i)1≤ i≤n is a regular system of
parameters of C[B].

Proof. If b = (b1, . . . , bn) ∈ Cn satisfies Fm+i(b) = 0 for 1 ≤ i ≤ n, we want to show
that b = 0. Let us set a0 = 1, ai = Di(b) for 1 ≤ i ≤ m and a = (a0, . . . , am). By (1)
evaluated at (a, b), we get Ei(a, b) = 0 for 1 ≤ i ≤ m. By (3) and (5), we get Ci(a, b) = 0
for 1 ≤ i ≤ m. Moreover, for any m+ 1 ≤ i ≤ m+ n, we get Gi(a, b) = 0 by (4), so that
Ci(a, b) = 0 by (2). For the moment, we have proved that Ci(a, b) = 0 for 1 ≤ i ≤ m+n.

Let us set a := X(1 + a1X + . . . + amX
m), b := X(1 + b1X + . . . + bnX

n) and
c := a ◦ b = X(1 + c1X + . . . cNX

N ) ∈ C[X], where the ci ∈ C. Using the relation (0),
we get ci = Ci(a, b) = 0 for 1 ≤ i ≤ m+ n. By R(m,n), we get a = b = X. �

We finish this section by a technical result to be used in lemma 3.1 below. Even if
the proof relies on the above technical definitions, the statement does not.

Lemma 2.4. Let a(X) =
∑

0≤ i≤m
aiX

i+1 and b(X) = X +
∑

1≤ i≤n
biX

i+1 ∈ C((T ))[X], where

the ai, bi ∈ C((T )). Let us set c(X) := a ◦ b (X) − a0X ∈ C((T ))[X]. If R(m,n) is
satisfied, lim

T→0
b = X and lim

T→0
c = p ∈ C[X], then deg p ≤ m+ n+ 1.

Proof. If a := (a0, . . . , am) and b := (b1, . . . , bn), we have c(X) =
∑

1≤ i≤N
Ci(a, b)Xi+1 by

the relation (0). Since lim
T→0

b = X all the bi belong to TC[[T ]] and in the same way, all

the Ci(a, b) belong to C[[T ]].

Claim. If m+ 1 ≤ i ≤ N , then Gi(a, b) ∈ TC[[T ]].
This comes from the relation Gi =

∑
1≤ j, k≤m

Ui,jWj,k Ck because, if 1 ≤ j, k ≤ m:

• Ui,j(b) ∈ TC[[T ]] since Ui,j ∈ C[B] is homogeneous of degree i−j ≥ m+1−m = 1;
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• Wj,k(b) ∈ C[[T ]] since Wj,k is a polynomial;
• Ck(a, b) ∈ C[[T ]].

By (2), we have Ci(a, b) = a0Fi(b) +Gi(a, b).
If i ≥ m + 1, we have valCi(a, b) ≥ 0 and valGi(a, b) ≥ 1, so that val a0Fi(b) ≥ 0.

We want to show that valCi(a, b) ≥ 1, when i > m+ n. For this, it is sufficient to show
that val a0Fi(b) ≥ 1.

By lemmas 2.3 and 2.1, we have valFi(b) ≥ min
1≤ j≤n

valFm+j(b) + 1 (for i > m + n)

so that val a0Fi(b) ≥ min
1≤ j≤n

val a0Fm+j(b) + 1 ≥ 1. �

III. PROOF OF THEOREM B.

In all this section, m,n ≥ 1 are fixed integers and we assume that R(m,n) is satisfied.
If we set d = (d1, d2) = (m+ 1, n+ 1), we want to show that Gd =

⋃
e� d
Ge.

1. The first inclusion.

If f ∈ Gd, let us show that f ∈
⋃
e� d
Ge. By [7], the length is a lower semicontinuous

function on G so that the length of f satisfies l ≤ 2. We will consider 3 cases:
• l = 0. There is nothing to show;
• l = 1. We conclude by lemma 3.1 below;
• l = 2. We conclude by lemma 3.2 below.

Lemma 3.1. If e ≥ 2 and G(e) ∩ Gd 6= ∅, then e < d1 + d2.

Proof. If f ∈ G(e)∩Gd, let us prove that e < d1 +d2. Since A.f.A ⊆ Gd, we may assume
that f = (X + p(Y ), Y ) with deg p = e. If e ≤ d2, there is nothing to prove. So, let us
assume that e > d2.

By corollary 2.1, there exists g = (g1, g2) ∈ Gd
(
C((T ))

)
such that f = lim

T→0
gT .

We must have deg g1 = d1d2. Let us show that we may assume that deg g2 = d2.
Indeed, there exists a unique λ ∈ C((T )) such that deg(g2 − λg1) = d2 (since g is of
multidegree d). It is enough to show that val(λ) > 0, because we can then replace g by
(u1, u2) := (g1, g2−λg1). Let µ (resp. ν) ∈ C((T )) be the Y e-coefficient of g2 (resp. u1).
Applying the equality g2 = u2 + λu1 to the Y e-coefficient, we get µ = λν (since we have
assumed that e > d2). However, we have val(ν) = 0 (since lim

T→0
u1(T ) = X + p(Y ) and

deg p = e), so that val(λ) = val(µ) > 0.

Since deg g1 > deg g2, it is well-known (see for example theorem 1 (i) in [6]) that we
can write (in a unique way)

g = τ.t1.σ.t2.l,
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where τ = (X + a, Y + b) is a translation,

t1 =

X +
∑

0≤ i≤m
aiY

i+1, Y

, t2 =

X +
∑

1≤ i≤n
biY

i+1, Y

 are triangular automorphisms,

σ = (Y,X) and l = (l1, l2) = (αX + βY, γX + δY ) are linear automorphisms,
with the ai’s, bi’s, a, b, α, β, γ, δ belonging to C((T )).

By doing the composition, this can be written:

g =

l2 +
∑

0≤ i≤m
ai

l1 +
∑

1≤ j≤n
bj l

j+1
2

i+1

+ a, l1 +
∑

1≤ j≤n
bj l

j+1
2 + b

 .

Since f = lim
T→0

gT , we get a, b ∈ C[[T ]] and there is no restriction to assume that

a = b = 0. Let us show that we may assume that l = (l1, l2) = (Y,X + ρY ) for some
ρ ∈ C((T )). First of all, let us note that lim

T→0
α = 0, lim

T→0
β = 1 and lim

T→0
αδ − βγ = −1.

The last relation comes from the Jacobian equality Jac g = Jacσ × Jac l = −(αδ − βγ).

Let us set ρ :=
δ − α
β

. Since (l1, l2) = (Y,X+ρY ).(−ρ l1+ l2, l1), it is enough to show

that lim
T→0

hT = (X,Y ), where hT := (−ρ l1+ l2, l1). For the second component, it is clear.

For the first, we have −ρ l1 + l2 = (γ− ρα)X + (δ− ρβ)Y . But γ − ρα =
α2

β
− αδ − βγ

β
,

so that lim
T→0

γ − ρα = 1 and δ − ρβ = α, so that lim
T→0

δ − ρβ = 0.
So, we can now assume that:

g =

X + ρY +
∑

0≤ i≤m
ai

Y +
∑

1≤ j≤n
bj (X + ρY )j+1

i+1

, Y +
∑

1≤ j≤n
bj (X + ρY )j+1

 .

Inspecting the Y -powers, the relation lim
T→0

gT = (X + p(Y ), Y ) gives us:

lim
T→0

ρY +
∑

0≤ i≤m
ai

Y +
∑

1≤ j≤n
bj ρ

j+1Y j+1

i+1

= p(Y ) and lim
T→0

∑
1≤ j≤n

bj ρ
j+1Y j+1 = 0.

Setting b̃j := bjρ
j+1, we get:

lim
T→0

ρY +
∑

0≤ i≤m
ai

Y +
∑

1≤ j≤ ñ
bj Y

j+1

i+1

= p(Y ) and lim
T→0

∑
1≤ j≤ ñ

bjY
j+1 = 0.

Looking at the Y -coefficient, the first relation shows us that lim
T→0

ρ+ a0 = p1, where

p1 is the Y -coefficient of p(Y ).

Therefore lim
T→0

∑
0≤ i≤m

ai

Y +
∑

1≤ j≤ ñ
bj Y

j+1

i+1

− a0Y = p(Y )− p1Y and lemma 2.4

tells us that deg
(
p(Y )− p1Y

)
≤ m+ n+ 1 = d1 + d2 − 1. �
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Lemma 3.2. If G(e1, e2) ∩ G(d1, d2) 6= ∅, then e1 ≤ d1 and e2 ≤ d2.

Proof. Let us denote by V = ⊕
j≥ 0

Vj the polynomial ring C[X,Y ] graded by degree. For

each k ≥ 0, let Π>k : V → V be the projection along ⊕
j≤ k

Vj onto ⊕
j >k

Vj .

We recall that u, v ∈ V are linearly dependant if and only if u ∧ v = 0 (in
∧2 V ).

The key point is the fact that for each f = (f1, f2) ∈ G(d1, d2), we have
d2 = min{k, Π>k(f1) ∧ Π>k(f2) = 0}.

Therefore, if f ∈ G(e1, e2)∩G(d1, d2), we have e2 ≤ d2 (since Π>d2(f1) ∧ Π>d2(f2) = 0).
The map g 7→ g−1 being an automorphism of (the infinite dimensional algebraic variety)
G, we also have f−1 ∈ G(e2, e1) ∩ G(d2, d1) so that e1 ≤ d1. �

2. The second inclusion.

Let us show that Ge ⊆ Gd for any e � d. If the length of e is 0 or 2, it is obvious.
Therefore, the conlusion follows from the next result:

Lemma 3.3. If 2 ≤ e < d1 + d2, then G(e) ⊆ Gd.

Proof. It is enough to show that
(
X +

∑
1≤ i≤m+n

γiY
i+1, Y ) ∈ Gd for any γi ∈ C.

We take back the notations of §2.3. By lemmas 2.3 and 2.2, there exist q ≥ 1 and

b̃ := (̃b1, . . . , b̃n) ∈ AnC[[T ]] such that b̃(0) = 0 and
Fm+i(̃b)

T q
= γm+i (for 1 ≤ i ≤ n). Let us

now set a0 :=
1

T q
, ai := a0Di(̃b) for 1 ≤ i ≤ m, ρ := − 1

T q
and bj :=

b̃j
ρj+1

for 1 ≤ j ≤ n.

If we set g := t1.σ.t2.l, where t1 =

X +
∑

0≤ i≤m
aiY

i+1, Y

, t2 =

X +
∑

1≤ i≤n
biY

i+1, Y


are triangular automorphisms, σ = (Y,X) and l = (Y,X + ρY ), then:

g =

X + ρY +
∑

0≤ i≤m
ai

Y +
∑

1≤ j≤n
bj (X + ρY )j+1

i+1

, Y +
∑

1≤ j≤n
bj (X + ρY )j+1

 .

It is now easy (and technical) to check that lim
T→0

gT =

X +
∑

m+1≤ i≤m+n

γiY
i+1, Y

 .

Let us begin to show that lim
T→0

g2 = Y .

For 1 ≤ j ≤ n, we have bj(X + ρY )j+1 = b̃j(
1

ρ
X + Y )j+1, where lim

T→0
b̃j = lim

T→0

1

ρ
= 0,

so that lim
T→0

bj(X + ρY )j+1 = 0 and the result is clear.
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Let us now deal with g1 = X + ρY +
∑

0≤ i≤m
ai g

i+1
2 .

First step. Let us show that in this last expression of g1, we can replace g2 by

p := Y +
∑

1≤ j≤n
b̃jY

j+1.

It is sufficient to check that lim
T→0

ai(g
i+1
2 − pi+1) = 0.

As lim
T→0

g2 = lim
T→0

p = Y , we will only check that lim
T→0

ai (g2 − p) = 0.

Since g2 − p =
∑

1≤ j≤n
bj
[
(X + ρY )j+1 − (ρY )j+1

]
, it is enough to show that:

lim
T→0

aibj
[
(X + ρY )j+1 − (ρY )j+1

]
= 0.

As lim
T→0

(X + ρY )j+1 − (ρY )j+1

(j + 1)XY jρj
= 1, we will only show that lim

T→0
aibjρ

j = 0.

It is clear, because aibjρj = − ai
a0
b̃j where lim

T→0
b̃j = 0 and lim

T→0

ai
a0

= 1 (resp. 0) if

i = 0 (resp. i ≥ 1).

Second step. Let us show that lim
T→0

c =
∑

m+1≤ i≤m+n

γi Y
i+1, where

c :=
∑

0≤ i≤m
ai p

i+1 − a0Y .

If a := (a0, . . . , am), by the relation (0) we have c =
∑

1≤ i≤N
Ci(a, b̃)Y

i+1.

We get Ej(a, b̃) = 0 for 1 ≤ j ≤ m by (1), so that Gi(a, b̃) = 0 for 1 ≤ i ≤ N by (4)

and Ci(a, b̃) = a0Fi(̃b) =
Fi(̃b)

T q
for 1 ≤ i ≤ N by (2). Therefore:

• Ci(a, b̃) = 0 for 1 ≤ i ≤ m;

• lim
T→0

Cm+i(a, b̃) = lim
T→0

Fm+i(̃b)

T q
= γm+i for 1 ≤ i ≤ n;

• lim
T→0

Ci(a, b̃) = 0 for i > m+n, since valFi(̃b) ≥ min
1≤ j≤n

valFm+j (̃b) + 1 ≥ q + 1 (by

lemma 2.1).

If we now set f := t.g, where t :=

X +
∑

1≤ i≤m
γiY

i+1, Y

 is a triangular automor-

phism, then f ∈ Gd
(
C((T ))

)
and lim

T→0
fT =

X +
∑

1≤ i≤m+n

γiY
i+1, Y

. �
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IV. PROOF OF THEOREM D.

If H is a subgroup of G as in theorem D, let us show that H = G. It is easy to see
that H contains a triangular automorphism f = (X + p(Y ), Y ) with deg p ≥ 2. If we set
gα := (X,Y +α) ∈ H (α ∈ C), then the commutator [f, gα] := f.gα.f

−1.g−1α ∈ H is equal
to (X + q(Y ), Y ) , where q(Y ) := p(Y )− p(Y − α). If α is well chosen, one may assume
that deg q = deg p − 1. Therefore, by a decreasing induction, we see that H contains a
triangular automorphism of degree 2.

Since G(2) = A.(X + Y 2, Y ).A (exercise), we get G(2) ⊆ H.
By another induction, we get G(d) ⊆ H for any d ≥ 2. Indeed, if G(d) ⊆ H, we get

G(d,2) ⊆ H, so that G(d,2) ⊆ H = H. But G(d+1) ⊆ G(d,2) by theorem C.
It is now clear that H = G. �
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