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Abstract

This paper deals with existence and multiplicity results of nonlocal positive
solutions to the following system

—Apu = AuPPu (e Duful* o

—Agv = plolfPv + (B + 1)|ul*F o],

together with Dirichlet or mixed boundary conditions, under some hypotheses
on the parameters p, p1, a, 0 and ¢. More precisely, the system considered
corresponds to a perturbed eigenvalue equation combined with a second equation
having concave and convex nonlinearities. The study is based on the extraction
of Palais-Smale sequences in the Nehari manifold. The behaviour of the energy
corresponding to these positive solutions, with respect to the real parameters A
and u, is established.

1 Introduction

In this work, we consider the system of quasilinear elliptic equations

“Apu = A2+ (o + Dululo o],

(1.1)

A = p| v+ (B + 1)ul* o],
together with Dirichlet or mixed boundary conditions

ulp, =0 and %%y, =0,
(1.2)

vlr, =0 and %]22 =0,
where, Q is a bounded domain in RY, with smooth boundary 9Q = T'; N'Y;, where T;
are smooth (N — 1)-dimensional submanifolds of 92 with positive measures such that

Ny, =0,:ie{1,2}. A, is the p-Laplacian and 8% is the outer normal derivative.
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It is clear that when I'; = I's = 02, one deals with homogeneous Dirichlet boundary
conditions.

Our aim here is to establish nonlocal existence and multiplicity results, with respect
to the real parameters A and pu, for Problem (1.1). Along this work, the following

assumptions will hold

l<pr<p<N, ¢g>1, a>1, >1, (1.3)
1 1
et oxl oy (1.4)
p q
1 1 1
atl OF1 4 ana 221 oy (1.5)
p q q
where
. Np . Ng
P= =

TN p’ T =N q
are the critical exponents for the p-Laplacian and ¢-Laplacian respectively. These
assumptions mean that we are concerned with a subcritical and super-homogeneous
system where the first equation is concave-convex and the second equation is only a
perturbation of an eigenvalue equation. Also, the following assumptions concerning

the real parameters A and p will hold
A > Oa < 1,

where 41y is the first eigenvalue of —A, in Q.
Problem (1.1), together with (1.2), is posed in the framework of the Sobolev space
W = WpP(Q) x Wp4(Q), where

WeP(Q) = {u e W'(Q) « ule, =0}, Wi(Q) = {u€ W"(Q) : ulr, =0},

are respectively the closure of C}(Q N Ty, R) with respect to the norm of W'?(Q) and
C (2N Ty, R) with respect to the norm of W14(Q). We can refer the reader to [9]
for a complete description of this space in the case p = 2. Notice that meas(T';) > 0,
i = 1, 2, imply that the Poincaré inequality is still available in Wllip (Q) and W;;q(Q),

so W can be endowed with the norm
[[(w, V)] = [[Vull, + [[Vollq

and (W, || .|]) is a reflexive and separable Banach space.
Semilinear and quasilinear scalar elliptic equations with concave and convex

nonlinearities are widely studied, we can refer the reader to [1, 4, 10, 18] and to the
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survey article [5]. For the nonlinear elliptic systems, we refer to [2, 3, 6, 8, 11, 14, 20, 21]
and to the survey article [13]. In [15], the authors studied the existence of positive
solutions to a perturbed eigenvalue problem involving the p-Laplacian operator. In
[6], the authors have generalized the results of [15] to a perturbed eigenvalue system
involving p and ¢g-Laplacian operators. Recently, in [10] the first author has considered a
semilinear elliptic equation with concave and convex nolinearities, and showed nonlocal
existence and multiplicity results with respect to the parameter via the extraction of
Palais-Smale sequences in the Nehari manifold.

In this paper, we extend this method to the system (1.1) where one equation
contains concave and convex nonlinearities and the other one is simply a perturbation of
an eigenvalue equation. We show that Problem (1.1) has at least two positive solutions
when the pair of parameters (A, 1) belongs to a subset of R? which will be specified
below.

For solutions of (1.1) we understand critical points of the Euler-Lagrange functional
I € CY(W,R) given by

Iu,v) = %P(u) - ]%a(u) + 3(@@) — 4Qu(v)) — R(u,v),

where P(a) = |[Vulz, PuGu) = llull, Q) = 190l @a(0) = Iloll and R(u,0) =
fQ lu|*F L v]PH da.

Consider the ”"Nehari” manifold [16] associated to Problem (1.1) given by
N = {(u,v) € (WpP () \ {0}) x W' () \{0}) / Dil(u, v)(w) = Dal(u,v)(v) = 0},

where D11 and Dyl are the derivatives of I with respect to the first variable and the
second variable respectively.
An interesting and useful characterization of NV, [15, 18, 22, 10, 7] is the following

N ={(su,tv) / (s,u,t,v) € Z* and 01 (su, tv) = O (su,tv) = 0},

where Z* = (R\ {0}) x (W;IP(Q)\{O}) x (R\ {0}) x (W7 (22)\ {0}) and I is considered
as a functional of four variables (s,u,t,v) in Z := R x erlp(Q) x R x WFIQQ(Q) For

this reason, we introduce the modified Euler-Lagrange functional I defined on Z by

I(s,u,t,v) = I(su,tv).
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2 Preliminary results

In this work, we are interested by nontrivial positive solutions v # 0 and v # 0 to
Problem (1.1). Since the functional I is even in s and ¢, we limit our study for s > 0,

t >0 and for (u,v) € (WpP(Q)\ {0}) x (W4(Q) \ {0}).
Lemma 2.1 For every (u,v) € (WpP(Q)\ {0}) x (Wp4(Q) \ {0}) there exists a

unique A(u,v) > 0 such that the real-valued function (s,t) € (0,+00)2 — I(s,u,t,v)
has exactly two critical points (resp. one critical point) for 0 < X\ < A(u,v) (resp.

A= Mu,v)). This functional has no critical point for A > A(u,v).

Proof. Let (u,v) be an arbitrary element in (Wp?(Q2) \ {0}) x (Wp?(Q) \ {0}). Then

- p A 1
I(s,u,t,0) = ZP(u) = 8P Py(u) + =(Q(v) — pQu(v)) — s 47 R(u, v).
p D1 q
A direct computation gives a1 (s,u,t,v) =0 if and only if
R(U,’U) m a+1
t=1t(s) = 6 +1 sa—(B+1) 2.6
= P50 = hiw) 20
and
T(s.u.t(s).v) = = P(u) = 257 Py(u) — & Afu,v)
s,u,t(s),v) = —P(u) — —s u) — —A(u,v),
p p1 ' r
where q
a+1 R q—(B+1)
A(u, ’U) = (CY + 1)(ﬁ + 1)(1_(;"'1) (u’ U) B+1
(Q(v) — pQ:(v)) =D
and r = %. It is easy to verify that » > p. Now consider the function

s € (0,400) — I(s,u,t(s),v) and let us write

O5I(s,u,t(s),v) == "' Fy (s, u,v).
where I ,(s,u,v) := P(u)s?™” — APy (u) — A(u,v)s" P'. The function s € (0, +00) —
F (s, u,v) is increasing on (0,3,(u,v)), decreasing on (5,(u,v),4+00) and attains its
unique maximum for s = 5,(u,v), where

s = [1h ) &

So, the function s € (0, 4+00) — F) ,(s,u,v) has two positive zeros (resp. one positive
zero) if Fy,(5,(u,v),u,v) > 0 (resp. Fj,(5,(u,v),u,v) = 0) and has no zero if
Fy,u(5,(u,v),u,v) < 0. On the other hand, a direct computation leads to

-p1

Fyu(5,(u,0), u,v) = :_— ]i [JZ - ii AJZE:LZ)})] " P(u) = AP (u).
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Then, F\,(Gu.(u,v),u,v) > 0 (resp. Fy,(5u(u,v),u,v) < 0) if X < A(u,v) (resp.
A > Au,v)) and Fiu,0),.(5.(u,v), u,v) = 0, where

P rrippl . . PT:Ppl
AMu,v) =¢ () - and ¢ = - {p pl} : (2.8)
Py (u)A(u,v) 7> r—p1 " =P

Therefore, if A € (0, A(u,v)), the function s € (0,+00) — OsI(s,u,t(s),v) has two
positive zeros denoted by sq(u,v, A\, u) and so(u, v, A, p) verifying 0 < sq(u, v, A\, u) <
Su(u,v) < sa(u,v, A, ). Since Fy,(s1(u,v,\, 1), u,v) = Fy (s2(u, v, A\, p), u,v) = 0,
OsF u(s,u,v) > 0 for 0 < s <5,(u,v) and 0,F) (s, u,v) <0 for s > 35,(u,v) it follows
that

Oss L (51(u, v, A, ), u, t(s1(u, v, A, ), v) > 0, (2.9)

Oss I (s2(w, v, A, o), w, t(s2(u, v, A, ), v) < 0. (2.10)

This implies that the real-valued function s € (0,+o00) — I(s,u,t(s),v) achieves
its unique local minimum at s = sj(u,v,\, ) and its unique local maximum at
s = sa(u, v, A, 1), which ends the proof. O

Hereafter, we will denote t;(u, v, A, 1) := t(s;(u, v, A\, 1)), ¢ = 1, 2. At this stage, we

introduce the characteristic value

Ap) = inf{ A(u,v), (u,0) € (WP(Q)\ {0}) x (W () \ {0}) }.

We claim that X(u) is great than a positive constant which depends only on pu, p, p1,
q, a,  and ). Indeed, using the Holder inequality, we get

B+1
g

R(u,v) < ||l 5| |v

= 1. Using the continuous embedding

=

where & > 1 is such that 1% + qi* +
W;Zq(ﬂ) C L7 (Q) we get

P, (u)v*
A(U,U) < C1 <u>p@+1 )
(k1 — ) =0
where P,(u) = ||lu g: and ¢ = ci1(p,p1,q,«,5,). Using again the continuous

embeddings WEQP(Q) C LP1(Q2) and Wplip(Q) C L? (Q) we obtain

B+1  p—p1

AMu,v) > co(pg — p) =G v=p
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where ¢y = co(p, p1, ¢, , 3,€2) and then

B+1 p—p1

Mp) = e — p) =6 =,

which achieves the claim. Now let us introduce

-~

D= {(A ) € (0,+00) x (=00, ) + A< A(p)}-

For every (A, p) € D, the functionals (u,v) € (WpP(Q)\ {0}) x (WpA(Q) \ {0}) —

I(si(u, v, A\, ), u, ti(u, v, A\ ), v) ¢ =1, 2, are well defined and one can show easily that
they are bounded below. Hence, for every (A, u) € D, we define

ar( A\ p) = inf{f(sl(u,v,)\,u),u,tl(u,v,)\,u),v), (u,v) E/V[v/} (2.11)
s\, ) = inf{T(sa(u, v, \, ), u, ta(u, v, A, ), v), (u,v) EW} (2.12)
where
W= (W) \ {0}) x (Wp(2) \ {0}).

Our aim in the sequel is to show that a; (A, 1) and as(A, ) are in fact critical values

of the Euler-Lagrange functional I for every (A, u) € D. We start with the following

Lemma 2.2 Let (u,,v,) € W be a minimizing sequence of (2.11) (resp. of (2.12))
and let (UY, V1) = (81(Un, Uy A, 1)U, Ty (Uyy Uy A, 1) 0y,)

(TGSp. (Uga Vn2) = (52(un7Un7)\nu)unat2(unavn7)\7:u)vn))' Then Zt hOZdS"
(i) limsup[|(U,, V;)I| < oo (resp.limsup ||(Uy, V) < 00).
n—-+4o00o n—-+4o00o
(i) Lminf [(U, V)l >0 (resp. liminf [[(U7, V)| > 0).

Proof. We show the assertion (i), let (uy,v,) € W be a minimizing sequence of (2.11).

Since 051 (81 (U, Uny Ay 1), U, t1 (U, Uy A, 1), v,) = 0 and

O L (81 (Un, Upy Ay 1), U,y t1 (U, Uy A, 1), vy,) = 0, it follows that

P(U,) = AP\(U,) = (a + DR(U,,V,)) = 0, (2.13)
Q(V,) — u@Qu(Vy) = (B+ DR(U,,V,) = 0. (2.14)
Suppose that there is a subsequence, still denoted by (U}, V1), such that
lim,, oo |[[(U}, V1)]| = co. We will distinguish three cases:

Case a) lim, o ||VU}||, = oo and [[VV}]|, is bounded. By (2.14) we get
that R(U!,V,!) is bounded. On the other hand, using the continuous embedding

n 'n
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WrP() C LP (), we have Py (U}) = 0, (P(U})), as n goes to +00. By (2.13) we get
R(U,V,H) = 75(1 4+ 0,(1))P(Uy) as n goes to +oo and hence lim, 4o R(U}, V1) =

ny'’'n a+1 n»'’'n

400, which cannot hold true.
Case b) lim, ., ||VV]}|], = oo and ||[VU}||, is bounded. By (2.13) we get
R(UL, V1) bounded. If 0 < u < py, using the Sobolev and Young inequalities, for

n’'n

every € € (0,1), there is a positive constant C. such that
3
IVallg < ;HVV#HZ +Cx,

which gives (84 1)R(U}, V1) +uC. > (1 —¢)Q(V,}). Then lim,, ., o R(U}L, V.!) = +o0,

n n n’ n

which is impossible. If u < 0, then Q(V,!) — u@Q:(V,)) = (8 + 1)R(UL, V) > Q(V)}) so

n)>’'n

lim,, ..o R(U}, V1) = 400, which is also impossible.

Case ¢) lim, o ||[VUL||, = lim,— 1o [|[VV,}||, = 00. As in the first case, we have

1
R(UN V) = le(1—1—0,1(1))117(U,1), as n goesto + oo.
a
Then I(U}, V! = ﬁ <QTTI+%_1+%(1>> P(U}) as n goes to +oo. Hence,
using the hypothese (1.5), lim, . o [(UL,V!) = +oo0, which is impossible.

Consequently, limsup, , . |[(UL, V.|| < oco. We show in the same way that

n'n

n’'n

limsup,_,, o |[(U2, V2)]] < .
Now, we show the assertion (ii), let (u,,v,) € W be a minimizing sequence of
(2.11). Suppose that there is a subsequence, still denoted by (U}, V1), such that

n 'n

lim, 4o [[(TUY, V]| = 0. By (2.13) we get lim,, ., [(U!, V) = 0 and this can not

n? n nr n

hold true because I(U}, V1) < 0 for every n.

n’'n

Similarly, let (u,,v,) € W be a minimizing sequence of (2.12). Suppose that there
is a subsequence, still denoted by (U2, V/?), such that

n’>'n

lim, 4o |[(U2, V|| = 0. If p> a+ 1, by (2.10) , we have

nr'n

Oss (U2, V) = (p— 1)P(UZ) — Xp1 — V)P (U2) — a(a+ 1)R(UZ,V,}) <0

n’'n n»’'n

Then (p — 1)P(U?) — XMp — V)P (U?) — apR(U2,V?) < 0, which implies that

(p — (o + 1))R(U2,V?) < 0 and this is impossible. Finally, if p < « + 1, then
(p — p1)P(U2) < (a+ 1)?R(UZ,V2). Since &8 4 21 < 1 and =5 4 2 > 1 then

there exist p and ¢ satisfying p < p < p*, ¢ < ¢ < ¢* and
a+1 +1
— + g — =

1. 2.15
5 ; (2.15)




The Nehari manifold for systems 8

Therefore,

R(U2,V?)

n’'n

IN

c(Q,p, q)||U2] |5 V212
d(Q,p, q)|[VUZ S|V V2 |2+

IA

and consequently, (p—p1) < ¢(Q,p, q)(a+1)2|VU2||5H 2|V V2| |5+ which converges
to 0 as n goes to +00. This contradicts the fact p > p;, which ends the proof. 0

3 Palais-Smale sequences in the Nehari Manifold

It is interesting to notice that for every v > 0, § > 0, it holds

f(’ys,g,&,%) = f(s,u,t,v),

v
~ U v 1_~
8tf (’)/S, ;, (5t, g) = gatI(S, u, t, 'U),
~ 1 ~
0.1 (75, E,(St, E) = —0.(s,u,t,v),
v gl
~ 1 ~
Ossl (73, %,51&, %) = ;@J(s,u,t,v).
This implies that
si(u,v, A, ) = ls L V>0 (3.16)
1\U, Uy A, b - v 1 '7’ 57 M) 9 .
1 u v
A = — — = A V>0 3.17
SQ(U,,’U, au) 782 ("}/’(5’ 7#’)7 > ) ( )
1 U v
tl(U,U, )\a ,u) - Stl (;7 57 )\7“) ) V’Y > 07 (318)
1 U v
tg('LL,U,A,M) = th (5,5,)\,#) , Vy>0 (319)
It follows that
ag( A\ p) = inf  {T(sy(u,v, A, 1), u, b1 (w, v, A 1), 0) ) (3.20)
(u,v)ESp xSy
as(\ p) = inf {7(52(u,v,)\,u),u,tg(u,v,)\,u),v)}, (3.21)

(u,v)ESp xSy

where S, and S, are the unit spheres of WI};” (©) and WI};‘](Q) respectively. Make precise
that S, x S, is a 2-codimensional and complete submanifold of W, we will denote it in

the sequel by S.
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Lemma 3.1 Let (\, ) € D and let (uy,v,) € S be a minimizing sequence of (3.20)
(resp. of (3.21)). Then (s1(Un, U, Ay (1)U, b1 (Upy Uy Ay 1) 0),
(resp.  (S2(Un, Uy A, 1)U, to(Up, Un, A, p)vy) ) s a Palais-Smale  sequence for the

functional I.

Proof. Let (A, 1) € D and consider a minimizing sequence (u,, v,) € S of (3.20). Let

us set

Un - Sl(un7vn7)\7#’)un7
Vn == tl (Un, Un, >\7 ,U)Un

The sequence (U,,V,,) is clearly bounded in W. On the other hand, the gradient
(resp.  the Hessian determinant) of I with respect to s and t at (s,t) =
(81 (Wp, Uny Ay 1), t1 (U, vy, Ay ) is equal to zero (resp. is strictly negative). So, the
implicit function theorem implies that that si(u,,v,, A, 1) and t1(ty,, v, A, ) are C*
with respect to (u,v), since I is.

We introduce now the functional Z defined on S by

Z(u,v) = I(s1(w, v, A, ), u, tq(u, v, A\, 1), v),

then
ar(\, p) = inf Z(u,v) = lm Z(uy,,v,).

(u,v)€S n—-+o00
Applying the Ekeland variational principle [12, 17, 19, 22] on the complete manifold
(S,]].]]) to the functional Z we get
1
I/(unvvn)(¢n7¢n> < HH(%,%)Ha V(%,@Dn) S T(un,fun)&
where T{y, ,)S denotes the tangent space to S at the point (u,,v,). Recall that
Townwon)S = T4, Sy x 1o, Sq, where T, S, (resp. T,,,S,) is the tangent space to S, (resp.
S,) at the point u, (resp. v,).
Set

An = (unavna)\7ﬂ’)7 and Bn = (Sl(unavna)\aﬂ)aunatl(unavnaA)ﬂ)avn)-

For every (¢, ¥n) € 10, S, x T, Sy, one has

I'(ttn, 0n) (s ¥n) = D1d (Bn)(n) + D2l (By)(1hn)
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where

DiI(B)(pn) = 0usi(An)(9n)0s1(By) + 0ul(Bn)(¢n) + Outi(An)(0n) 01 (B)

Similarly, one has
D2I(Bn)(¢n) = &J(Bn)(%)-
Furthermore, consider the ”fiber” maps

T WP\ {0} — RxS,

u — (HVUHmm) = (m(u), ma(u)),
7o W)\ {0} — RxS,
v — (HWHq,m) = (71 (v), T (v)).

Applying the Holder inequality we get, for every (u, ) € (erlp(Q) \ {0}) x Wlllp(Q)
and (v,1) € (Wllgq(Q) \ {0}) x W;;Q(Q), the following estimates

, \Y
w1Vl ()] < 210,
[V,

-, ~ IVl
m@) W) < [Vl Iﬂz(v)(¢)1§2l|w||q~

On one hand, from Lemma (2.2), there is a positive constant K such that s;(A,) > K
and t;(A,) > K, for every integer n. On the other hand, for every (¢,v) € W,

DiI(Un, Vi)(9) = @r0sI(Bn) + 0.1 (By)(¢2) + ¢h0I (By,)
= auIN(Bn>(SO$L)-

where ¢! = 7 (u,)(p) and @2 = 7)(u,)(¢). Then the following estimates hold true:
611 < IVlly and [[V2 |, < 2[[Vll,. In the same manner, we get

Dol (Un, Vi) () = ©p0sI(Byn) + 0,1 (Bn)(W2) + 01 (By)
= 9,1(B,)(42).

where ¢} = 7 (v,)(¥) and 2 = T(v,)(¢), with the estimates |} < [|[V4||, and
V2|l < 2||V4]|q. Therefore

1
D1 I(Uy, Vi) ()] < EHV%Q@Hp

IN

2
WHV@Hp
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and

1
DL (U V) ()] <~V

2
n—KHWN\q-

IA

We conclude easily that
lim |[|[I'(U,, V,)||« = 0,

n—+o0o
where I'(Uy,, V) (p, ) = D11(Uyn, Vi) (@) + Do I(U,, Vi) (1) and || ||« is the norm on the
dual space of W.

The arguments are similar if (u,,v,) € S is a minimizing sequence of (3.21). Hence,

the lemma is proved. l
Remark. For every (u,v) € W and (A, ) € D, one has I(s,u,t,v) =
s ful o), si(ubloh ) = sCwv ), i € {12} and consequently

ti(lul, |v], A\, ) = ti(u,v, A\, ), i € {1,2}. Therefore, every minimizing sequence
(Un,vp) €Sy xSy of (3.20) or (3.21) can be considered as a sequence satisfying u,, > 0
and v, > 0 in Q.

4 Positive solutions and the behaviour of their
energy

Theorem 4.1 Let (A, p) € D. Then Problem (1.1) has at least two nontrivial solutions
(U, VY, i € {1,2}, such that U* > 0 and V' > 0 in Q and U* # 0, V' # 0, for
ie{1,2}.

Proof. We will use the notations of the previous lemmas. Let (A, 1) € D and consider
a nonnegative minimizing sequence (u,,v,) € S of (3.20). It is known from Lemma

(3.1) that
lim I(Uy,,V,) = ai(\ p),

n—-+o00

lim ||I'(U,, V)|l = 0

n—-+00
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and that (U,,V,) is bounded in W. Passing if necessary to a subsequence, there are
U' € Wp?(Q) and V! € Wy(Q) such that

S U @),

U' in LP'(Q) and LP(Q),

Vioin We(Q),

Viin LT(Q) and LY(Q),

SR
Lol

where p and § are specified in (2.15). At this stage, we use the well known inequalities:
V(z,y) € RY

lz—y[" < C(Jz]" Pz — |y y) - (x—vy), if v>2,

lz—yl> < Cll|—[y)* ™ (=% — [y Py) - (x —y), if v<2.

where - denotes the scalar product in R¥.

In the case p > 2, we obtain
PU,-UY < C / (VUL PP2VU, — [VV,P2VV,,) - (VU, — VV,)
Q
= C(DI(U,, V,))(U, —U"Y = DU, VYU, —U") +
CA/ (|U. 20U, — U 20) (U, — U") +
Q
Cla+ 1)/ (Un|Un|a71|Vn|ﬁ+1 _ Ul‘Ul‘a71|V1’ﬁ+l) U, — UY).
Q

Since lim,, oo |[I'(Un, Vi)||« = 0, (V},) is bounded, and using the fact that U, — U*
in LP1(Q) and in LP(Q), V,, — V! in in LI(2), we conclude, by the Holder inequality,
that P(U, — U') — 0, as n goes to +oo, which means that

U, — U' in WpP(Q).
In the case p < 2, a direct computation gives
VU, = VU < C(IVUE7+ [VU0Y127) x
/Q (VU [P>vU, — |[VU'P>vU") - (VU, — VUY).

Since ||VU,, — VU!'||, is bounded, the same arguments used above show that U, —
Ul in erip(Q), as n goes to +00. In a similar way we get V,, — V! in WFI;Q(Q), as

n goes to +o0.
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Moreover, it is clear that (U', V1) is a nontrivial solution of Problem (1.1) verifying
Ul'>0and V! > 0in Qand Ut # 0, V! # 0. On the other hand, there is a subsequence
of (uy,vy,), still denoted by (u,,v,) such that

Un = Sl(u’lhv’n?)\?/“L)U’H B Ul in Wéip(Q)’
V, = tl(un,vn, )\,u)vn — V! in erzq(Q)

According to Lemma (2.2), let (s1,t1) € (0, +00)? such that
(51 (Un, Upy \, 1) — 51 in R,
t1(Un, Uy A\, pt) — 1 in R,

1_ Ut Lp
U, — u =2 in Wp'(Q),

1 _ vt 1,q
\ Uy, — vl = in Wp(Q),

with v! = g—ll € S,, v = ‘;—11 €S, s1 = si(ut, v, A\ p) and ¢ = ty(ul, 0l A\ p).
Therefore, Os I (s1(ul, v\ ), ut, ty(ut, vl A\ p), vt) > 0.

Proceeding in the same manner with a nonnegative minimizing sequence (t,,, 0,) €
S of (3.21), we obtain a second nontrivial solution (U?,V?) of (1.1) verifying U? > 0
and V2> 0in Q and U? # 0, V2 #£ 0.

Now, we have to show that (U, V1) #£ (U? V?). Let (sq,t2) € (0,+00)? such that

( o~ .
52(unavna)‘a,u> — Sz 11 Ra

to(Tp, Oy A, 1) — to in R,

~ 2 _ U2 Lp
U, — wu’=2 in Wp'(Q),

~ 2 _ V2% . 1,q
\ Uy, — v' = in Wp(Q),

with v? = g—; € S,, v? = ‘;—22 €Sy, s2 = so(u,v*, N u) and ty = ta(u?, v%, A, p).

Therefore, 04,1 (so(u?, v2, A, p), u?, ta(u?,v* A\, 1), v?) < 0. Hence (U, V1) £ (U?,V?),
which ends the proof. O

In the sequel, for every (A, 1) € D, the functions (u',v!) and (u?, v?) will be denoted
by (ut(\ p), v (N, 1)) and (u?(\, ), v?(\, 1)) respectively. Similarly, the solutions
(U, V), i € {1,2}, will be denoted by (U*(\, u), Vi(A\, ), i € {1,2}.
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Theorem 4.2 Let (A, ) € D. Then

(i) I(UL VY <0 for A€o, Nu)l,

i) {I(UQ,VQ) >0 for)\E]O,)\o(u/)\[,
I(U2,V?) <0 for A €]o(u), M),

where

i) =" (1) S

r\P

Proof. In this proof, p will be fixed in (—o0, it1), so we will omit the dependence on
i in the expressions which will follow. However, the dependece on A will be specified.
In particular, the Euler-Lagrange functional I will be denoted by 1.

(ii) Let (u,v) be an arbitrary element of W. We denote

Li(s, u, t(s),v) = fP(u) - ismPl(u) - S—TA(U,U),
p 1 r
and write
L(s, u, t(s),v) = s" Ga(s,u,v),
where
é,\(s,u, v) = sP7H P](?u) — )\P;(u) — s n Alu, v)
1

It follows that
857,\(3, u, t(s),v) = plspl_léA(s,u, v) + splasé,\(s,u, v),

with

(9séA(8, u,v) = P! {Z%P(u) — %s“’%(u, v)} .

The real valued function s — Gy(s, u,v) is increasing on 10, so(u, v)[, decreasing on
|s0(u,v), +oo[ and attains its unique maximum for s = so(u, v), where

1

so(u,v) = (;) 5 (u,0), (4.22)

and 5,(u,v) is defined in (2.7). On the other hand, a direct computation gives
rep

G (s0(1, v), u,v) = <f:7; A]X‘i)) " R(u,v) — AP (w).
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Similarly, G (so(u,v),u,v) > 0 (resp. Ga(so(u,v),u,v) < 0) if A < Ao(u,v) (resp.
A > Ao(u,v)) and CNJ,\O(%U)(SO(U, v),u,v) = 0, where

r—pi1

No(u,v) = 2 <f> U Aw,0), (4.23)

T \P
with A(u,v) given by (2.8). Thus, we get
I(so(u,v), u, t(so(u,v)),v) >0 if A< Ag(u,v),

u,v)),v) =0 if A= A(u,v), (4.24)
I(so(u,v), u, t(so(u,v)),v) <0 if XA > Ag(u,v).

First, since the function
10,1] — R
Int

t 1-t

is increasing, then for every real numbers z, y such that 0 < x < y < 1, one has

] 5] [0) ]

N
O<x(—) < 1.
Yy

In the particular case z = p;/r and y = p/r we get

and consequently

r—p1

o<&(2)”’<1,
rA\P

and therfore 0 < \o(u,v) < A(u,v).

Moreover, for every (u,v) € W, one has éAO(u,v)(s,u, v) < 0 for s €
10, +00[\{so(u,v)} and é,\o(w)(so(u,v),u,v) = 0. Hence, the real valued function
s+ f)\o(uw)(s,u, t(s),v), (s > 0), attains its unique maximum at s = so(u,v) and we

obtain the following interesting identity

So(u, v, Ao(u, v), 1) = so(u,v). (4.25)
We will set

to(u,v) == ta(u, v, \og(u, v), 1).

On the other hand, it is clear that the functional A\o(u,v) is weakly lower semi-

continuous on W. Thus, the value

Xo:= inf  Ao(u,v) (4.26)

(u,0)eEW
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is achieved on W. Since Ao(u,v) is 0-homogeneous in u and v, we can assume that
there is some (u*,v*) € S, x S, such that Xo = Ao(u*, v*).

Now, let A be such that 0 < A < Xo. Then, for every (u,v) € W one has
0 < A < Ao(u,v) and consequently Iy(so(u,v), u, t(so(u,v)),v) > 0 holds from (4.24).
But, s — Iy(s,u,t(s),v), (s > 0) attains its unique maximum for s = s(u, v, \),

hence Z\(sz(u, v, A), u, to(u, v, N),v) > 0, for every (u,v) € W. In particular, we have
Ta(sat?(3), 02(0), A), w2 (N), a6 (N), 03(N), A), 02(N)) > O,

i.e. I(U2(N),V2(\) > 0.
If A = Ao, then

~

L, (U2(0), V(M) = Iy, (52(u* (M), v2(Ra), Aa) w2 (No), t2(u?(No), v2(Ra), Aa), v* (Ao))

N (U,v)ienSfpxSq TXO (SQ(U’ v, )\0)7 u, to (U, v, )\0)7 U)

< EO(SQ(U*,U*),u*,tg(u*,v*),v*)
= f)\o(u*,v*)<SO(U*v U*), U*a tO(u*7 U*)7 U*)

— 0
which implies that I (U 2@0), VZ(XO)) < 0. In addition, it is known from (4.24) that
T;\O(so(u,v),u,to(u,v),v) > 0,
T;\O(sl(u,U,XD),u,tl(u,v,XO),v) < 0,

for every (u,v) € W. Then

so(u,v) > s1(u,v,Xo), V(u,v) € W.
It follows that

I, (52(u* (M), 02 (M), Ao), 12 (Ro), ta(u?(Mo), v*(Mo), Ao), w2 (o)) >
I3, (s0(u' (M), 0" (a)), u! (Mo) to(u! (M), v (Ra)), v (o)) > 0.

Hence,

L (U2(0), V2(N)) = I;, (s2(u? (M), v2 (Mo, Ao), t(Mo), t2(u(Ro), v*(No), Ao), v (Ao))
= 0.

Finally, assume that XO <A< Since, for every s €]0, +oo[ and (u,v) € W, the real

valued function A — I,(s, u, £(s), v) is decreasing, it follows that

L(s,u,1(s),v) < I

5, (8,1, t(s),v), forevery s >0 and (u,v) € w. (4.27)
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In addition, we have

L(s2(u”(X), 0°(V), A), (V) 2 (u*(N), v*(A), A), v*(N)
inf Z\(SQ(U,U, A),u, ta(u,v,A),v) <

(u,0)ESp XSy
Ty(sa(u", 0%, A) s o (", 0%, M), v°)

7—3\0(82<u*’v*7 )\),u*,tQ(u*,v*, )\)7U*>

A

where the last inequality follows from (4.27). Moreover, the real valued function
5 — fxo(s,u*,t(s),v*), (s > 0), achieves its unique maximum at s = so(u*,v*).
Thus,

T-/):O(SQ(,U“*7U*7/\)7U*7t2(u*7v*7)\)71}*) S TXD(SO(U*aU*)7U*7t0(U*7U*)7U*)
= Dy (So(u™,v"),u”, to(u*,v"),v")
= 0.

Hence Iy (s2(u2(X), v2(N), ), u2(N), t2(u2(N), v2(N), A), v2(A)) < 0, which ends the proof.
U

The following result shows the subtle link existing between the characteristic value
Xo defined by (4.26) and Problem (1.1).

Theorem 4.3 If (u,v) is a solution of (4.26) then (so(u,v)u,to(u,v)v) is a solution
of the system (1.1) when A\ = Xo.

Proof. Let (u,v) be a solution of (4.26). In order to simplify the notations, we set
U := so(u,v)u and V := ty(u,v)v. Thus, for A = Do = Ao(u,v) we have:

I U.V) = 2 p) = 52 ) — 2 A
and for every ¢ € WP (Q):
DLy, (UV)() = - PU)(6) = ~2P(U)(9) ~ T DAV )(e),
where
PUO)) = ol ) Pu)(o)
PIUYE) = solu )" Pi(u)
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We calculate now,

MP{U)(@) = Xolu,v)so(u,v)" 1P (u)(p)

r—p1

- N (f) o <p—p1) =
r\p r—pi Py(u)

p1—1

(
< IR0 (e Aﬁi“))) 7 Rlw)e)

pl p—

r=—prp\r—nm

- (G o))

pr7—p

r—=pmr (u) (r) P(u) P(u) v

p

I P U)SQ(U, U)p_l P{(u)(gp)

18

pr—p Pi(u)
In addition, one has
DIA(U> V)(QD) = So(uvv)r_lDl(uﬂ))(@)
_ (TP P(u) = rp—h P(u) u, v
B (pr—pl A(u,v)) pr—pl A, o) DA )
om0 e DAGE)
_pr—mP()O(’) Alu,v)
Consequently, we obtain
_ [P)(e)  r—p P(u)(e) p—piDiA(u,v)(p)
D I)‘“‘(U Vile) = l P(u) o —p1 Pi(u) r—p  A(u,v) ]
" P(u)soéu,v)
r—p P'(u)(¢)  Pi(u)(p) p—piDiA(u,v)(p)
K(T—p P(u) Pi(u)  r—=p  Au,v) )

where K := =L P;u) so(u,v)P~t. On the other hand, a direct computation gives:

p1

r—pi P'w)(p)

QI

P~ DiA(

Dita(u o)) = (L2 L0

which is equal to zero by assumption. Hence Dil5

proportional to DiAg(u, v)(p).
Moreover, for every v € W, 9(Q), we get

Dodo(u, v)(¥) = L7 LL3 (u, v)

=D

Pi(u)

)

ACABICIE

Dy A(u, v)(¥)
A(u,v) 7’

0 since 1t is
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which is also equal to zero by assumption. This implies that Dy A(u,v)(v)) = 0, since
Xo(u, v) = Ao # 0. Then

So(u,v)"

DoI;, (U, V)(¥) = — Dy A(u, v)()) = 0.

which implies that (so(u,v)u,to(u,v)v) is well a solution of the problem (1.1) with
A= No. O
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