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Abstract

This paper is devoted to nonexistence results for solutions to the problem

G — Am(aiu;) > |l fuga Pt n e HY, ¢ €]0,+oo, 1<i<m,

(S&)

Um+1 = U1,

where Ay is the laplacian on the (2N -+ 1)—dimensional Heisenberg group H', |n|x
is the distance from 7 in H to the origin, m > 2, k > 1, ppm41 = p1, Ym+1 = 71, and
a; € L®(HYN x]0, +00[), 1 < i < m. These nonexistence results hold for Q = 2N + 2
less than critical exponents which depend on k, p; and v;, 1 <i <m.Fork=1k =2
we retreive the results, obtained by A. El Hamidi & M. Kirane [4], corresponding
respectively to the parabolic, hyperbolic systems. In order to show that the obtained
exponents are also valid for m = 1, we study the scalar case

*u
(Ir) 9k Ap(au) > |"7’ﬁ lul?,

where p > 1, v are real parameters and a € L>(HY x]0, +o0|).
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1 Introduction

In this section, we quote some background facts concerning the Heisenberg
group. Let n = (z,y,7) = (21, %2, o, TN, Y1, Y2, -, Un, T) € RV with N > 1.
The Heisenberg group HY, whose points will be denoted by n = (z,y,7) is
the set R?2V+! endowed with the group operation o defined by

nof=@+&,y+4,7+7+2<x,§>—-<7,y>)), (1)

where <, > is the usual inner product in RY. The Laplacian Ay over HY is
obtained, from the vector fields X; = 0,, + 2y; 0, and Y; = 0,, — 2z, 0-, by
N
A=) (X7 +Y7). (2)

=1

Explicit computation gives the expression

N 82 82 82 82 02
Ay = 4 — 4y ——— + A2+ ) — | .
B ; <a 2t 5 T Wi e~ Miggar AW +y1)a¢2> (3)

A natural group of dilatations on H" is given by
6x(n) = Az, Ay, \27), A >0,
whose Jacobian determinant is A9, where
Q=2N +2
is the homogeneous dimension of H” .

The operator Ay is a degenerate elliptic operator. It is invariant with respect
to the left translation of HY and homogeneous w.r.t. the dilatations J,. More
precisely, we have

V(n,7) € HY x HY,  Am(u(non)) = (Auu)(n o)

and
AH(U, 9] 5)\) = )\2(AHU) @) (5/\.

It is natural to define a distance from 7 to the origin by

!nIH—<T +Z P+ i) )1/4- (4)

In their paper, Pohozaev & Véron [16] gave another proof of a result of
Birindelli, Capuzzo-Dolcetta and Cutri [2] concerning the nonexistence of weak



solutions of the differential inequality
Aglau) + |nl [uP <0 in, HY

fory>-21<p<(Q+7)/(Q—2) and a € L>*(HY).
They then studied the problem of nonexistence of weak solutions to the system

Ag(ayu) + 0l v <0,

Ag(agv) + [0l |ul” <0,

for vy > =2, p; > 1 and a; € L®°(HY), i € {1,2}. They showed that this
system admits no solution defined in HY whenever +; > —2 and

2 2
Q§2—|—min{%+ 2 }

pr—1"p—1

Recently, El Hamidi & Kirane [4] improved this result and gave the Fujita’s
exponent. Indeed, the authors showed that the system admits no solution
defined in HY whenever

0< 2+max{(%+2)+171(72+2) ,P2(%+2)+(V2+2)}
- pip2 — 1 7 pipe — 1

and verified that

{(71+2)—|-p1(72+2).p2(71—|—2)+(72+2)} . {714'2.724-2}
max ; > min ; .
pip2 —1 pip2 — 1 pr—1 pa—1

They then studied systems of m hypoelliptic, parabolic and hyperbolic semi-
linear inequalities.

In this paper, we generalize the results obtained in [4] to higher order evo-
lution systems of m semilinear inequalities. We retreive the critical exponent
corresponding to the hypoelliptic case by setting formally k£ = +oo.

For the convenience of the reader, we start with the case m = 2.



2 Higher Order Evolution Systems of two Semilinear Inequalities

Let us consider the higher order evolution system of two inequalities

Pu _ Ag(aru) > |n|% ol

()

k
Gt — Dulazv) > [nlf ful,

with the initial data

u(,0) =u®(n), wv(n,0) =0vO%) n RN,

2u(n 0) = u®(n), 22(n,0) =vW(y), i€{1,2,...k—1}, in R+

The product set R?V+1 x Rt will be denoted by R2¥™"!' and the integrals
fRQN-H and fRiN+1,1 by f

Definition 1. Let a1 and as be two bounded measurable functions in ]RiNH’l.

A weak solution (u,v) of the system (S2) with initial data (u®,v®) € L} (RQN“) X
Li, (R2N+1>, i €{0,1,....k—1}, is a pair of locally integrable functions (u,v)
such that

e Lz, (REVFN |yl dndt)

v e Lh, (REVFM |l dndt)
satisfying
/0 /RQNJrl (u (alAHSO - (_1>k atf) + |77| |U|p1 ) dn dt +
k—1 . GF—1-iy, 9o
Z(_l) /]RQN-H Otk—1-i CL" 0) ot (ZL’, O) dn <0 (5)
i=0
and
o,
/ /RQNH (” <“2AH<P (-1 atf) + [nlgg [ulP?¢ ) dn dt +
k—1 ; ak 1- z 81@
2(_1) /R2N+1 oth—1- 7(2.0) g (@,0)dn <0 (6)
for any nonnegative test function p € 02 k(R2N+1 1)



Let the test function

(7)

t2F 4+ 72 |zt + Jyt
¢R(n7t> = (I))\ ( R4 )

where A >> 1, R > 0 and ® € D([0, +00]) is the "standard cut-off function"

1if 0<r<1,
0<O(r) <1, @(r) = (8)
0 if »r>2.

Note that supp(y,) is a subset of

Qr = {(z,y,7,t) € HY x [0, +oo[; 0<t* + 72+ |2* + |y|* < 2R},

while supp(Agnyp,) and supp(agf,ﬁ) are subsets of

Cr={(z,y,7,t) € HY x [0, +0c[; R* <™ 472+ |z[* +|y|* <2R*} (9)

and o
ZSOR )
- 0)=0 1,2,....k—1}.
g (1:0) =0, i€ {2 }
Moreover, let
25 41 4 ]+ Jy|*
- "l | (10
then
4(N + 4)9’ _
B n.t) = "D ot () a2 1 1y
169" (p _
P05 0) ((Jal® + 191%) + 72(al? + [9f?) + 27 < 2, > (af? ~ of?) +
160" (p)

T DA = D8200) (ol )+ T 2+ ) + 2 <0 (o = ).

It follows that there is a positive constant C; > 0, independent of R, such

that

C
V(U,t) € QR: ’AH@R(Tht” S ﬁ; (11)

Furthermore, there is a constant Cy > 0, independent of R, such that

0o, t)| _ Ca
ok | = RY

Then we have the following nonexistence result:



Theorem 1. Assume that u*=Y and v*=Y belong to L' (R*N+1) with [u*=Y(n) dn >
0 and [v*Y(n)dn > 0. If

@< 0i=2(1- 1)+ max{(n 2+ pa+2) (i +2)+(a+2)

then there is no weak nontrivial solution (u,v) of the system (St ).

Proof. The proof is by contradiction. Let (u,v) be a nontrivial weak solution
of (S?). Using the Hélder inequality, the relation (6) gives:

[ eulila an ae+ ot < [ (11| %5

; HazuoorvHAHm) dnt

P

8t’“
ok "

1/p1 L/
</ Inlz ol (i)'~
— M V] Pr otk Prim

1/p1 1/p}
1—
Hllaalloo ([ I 1oPoq) ([ 18m00 % (oalnlit) )

Similarly (5) gives

[ eabizlop anavom < f ()%

Pul+ ||a1||w|u||AHgoR|) it
0k<pR

1/p2 v . 1/py
< () {150 i)

1/py
ol ([ g, ) ([ 10m,7 oty ) "

where
_ (k—1)
a(R) = [ D) py(n,0) dn

and

b(R) :/HN u V(1) g (1, 0) dn.



If we set

1R) = [l e, dydt,

JR) = [l e dnat,

A (B) = [ 1B, (o) ™ dndt, i € {1,2),
O, [

(pulnli)' ™™ dndt, i€ {1,2},

By, . (R) = /

we then have the following system of inequalities

otk

I(R) + a(R) < C T (R) [(Ayy o (R)7 -+ (B ()]
(12)
J(R) +b(R) < C TP (R) [(Apaa ()17 o (B (R)) 172

where C' is a positive constant independent of R.

Note that if A is selected sufficiently large then the integrals A,, ., (R) and
B, (R), i € {1,2}, are convergent. Indeed, the exponent of ¢p in the inte-
grands of A, ,,(R) and B, -,(R) is positive if A is selected large enough.

Moreover, the system (12) implies that neither v nor v is trivial. Indeed, if v
is trivial then J(R) = 0 and we have I(R)+a(R) < 0. Since a(R) is uniformly
bounded w.r.t. R, it follows that I(R) is also uniformly bounded w.r.t. R.
Using the fact that I(R) is increasing in R, the monotone convergence theorem

shows that the function u € LP? (RiNH’l, Nl dndt). Whence, we have

lim (I(R) +a(R)) = [ nfluldndt+ [o*D(m)dy <0,

R—+o00

and the function wu is then trivial, which is impossible.

Now, let € be a real number such that 0 < € < 1, there is Ry > 0 such that
I(Ry) > 0. Since

0< lim a(R) < +oo,
R—+4o00

there exists Ry > R; such that —e I(R;) < a(R), for any R > Rs. Moreover,
the function I(R) is nonnegative and increasing of R, then for any R > R,
the inequalities

I(R) +a(R) =2 I(R) —e I(Ry) = (1 — ¢)I(R)



hold true. The same arguments imply that there is R3 > Ry such that J(R) +
b(R) > (1 —¢)J(R) for any R > Rs. Finally, the sytem (12) gives

1

I(R) < {& Jm

1

J(R) < & I

(R) | (Aps o (R))

-
-

+ By, (1))

.

(R) [(Apuea (R + (B (R

(13)

for any R > Rs. Then, there is a constant C' > 0, independent of R, such that

I(R) mm <C

J(R)' 7 < C

1
!
Py

Aplv’Yl + BPL’Yl AP27’Y2 + BPQKYZ .

1
o

r i 17 1 oo
vy v 5 |7
Aplv’Yl + Bpl:’Yl Ap2772 + Bp27’Y2 )

_ 1

In order to estimate the integrals A,, ,,(R) and By, ,,(R), i € {1,2}, we intro-

duce the scaled variables

(S 9

2 W
I
I I I

y

o
~

I
—

-1

Y.

Using the fact that suppy, C (g, we conclude that

Ay, (R) < O REN+ZH2/ k=2 49:(1-5)),

By,i(R) < C RAN+2+2/h=2047:(1—p)

which is equivalent to

Ay, - (R) < C ROT2/k=20+7i(1=p))

B,...(R) < CRQ”/’C*?PH%U*PQ)?

Consequently, the estimates

i€ {1,2},

ie{1,2},

ie{1,2},

ie{1,2}.

I(R)' " #m < CR and J(R) mm < CR™

(15)



hold true, where

1 p—1 0 % p—1 _ m
T <(Q+2/k) P ’ pz)+<(Q+2/k) 2 ’ p1>

and

1 p-—1 o m p—1 %
aJ_p2 ((Q+2/k:) o 2 p1>+<(Q+2/k;) ” 2 p2>.

Finally, the exponents o; or o; are less than zero if, and only if,

Q< Q=2+

- max{(y1 +2) +p1(v2 +2);p2(n1 +2) + (12 +2)} — 2/k

=2(1—1/k) +

ip 1maX{(’Yl+2)+P1(’Y2+2);p2(%+2)+(72+2)}-
172 —

In this case, the integrals I(R) and J(R), which are increasing in R, are
bounded uniformly w.r.t. R. Using the monotone convergence theorem, we
deduce that

(u,0) € L7 (RIVEN [nlge dndt) x L7 (REVFNY ([ diydt ) .

Note that instead of (12) we have more precisely

I(R) +a(R) < C T (R) [(Ap oy (R + (B, (R)]
(16)
J(R) +b(R) < CTV72(R) [(Apyp (R)™ + (B (R) 7]

where )

IR) = [ nflul o, dndt
and .

TB) = [ Infi ol o, dndt

where Cp is defined in (9). Finally, using the dominated convergence theorem,
we obtain

lim I(R)= lim J(R)=0.

R—+o00 R—+o00
Hence,

lim (I(R)+a(R)) = [ [nlu dndt + [o*Dm)dy =0

R—+o00

and

lim (J(R) +b(R) = [ [l ol dndt + [« Dim)dy =0,

R—+o00



which implies that ©« = v = 0. This completes the proof. O

Corollary 1. Assume that [u*~D(n)dn >0, [v* D (n)dn >0, and
Q S QZ = 2(1 — 1/1{?) + max{Xl,Xg},

where the vector (X1, Xo)T is the solution of the linear system

-1 X +2
b1 U I _ (17)
pa —1 X5 Yo + 2
Then there is no weak nontrivial solution (u,v) of the system (S%).
Proof. The vector (X1, X5)T is given by
-1
X1} [ m m+2) 1 (714 2) +pi(72 +2)
Xy p2 —1 Y2 +2 pp2 =1\ py(y1 +2) + (12 + 2)
[l

Remark 1. To determine the critical exponent Q)% corresponding to the hy-
poelliptic system

—Au(ayu) > [nlg v,

—Ap(azv) = |nlg [ul?,
it suffices to tend formally k to infinity in the exponent @} and obtain

Q: =2 + maX{Xl, XQ}

Now, we are able to treat the case of systems of m semilinear inequalities.

10



3 Higher-Order Evolution Systems of m Semilinear Inequalities

Let (X1, X, ..., X;) be the solution of the linear system

—1p 0 ... O X "+ 2
0 —1py "~ Xo Yo + 2
: 0 = : : (18)
0 e Pmet Xm-1 Ym—1+ 2
Pm 0 ... 0 —1 Xm Y + 2

where p; > 1 and ~; are given real numbers, i € {1,2,...,m}.

Consider the system

datul Ag(au;) > |n

(S¥")
Um+1 = U,

where pni1 = p1, Yme1 = 7, and the initial data (u!”,uV, .. ¥y €

k
Lk, (RAND]F 1 <i <m.
Definition 2. Let a;, i € {1,2,...,m}, be m bounded measurable functions on

RiNH’l. A weak solution (u, ... um) of the system (Sy*) on R2N+1 " is a vector
of locally integrable functions (uq, ..., uy) such that

u; € Ly, <RiN+1’l, Inlg dndt) , 1e{1,2,...,m},
satisfying
/OO/ <UZ <az‘AH<P - (_1)k%> + 1l i pi“@) dndt +
0 Jr2n+1 otk
k-1 ‘ o1y, &y

—1)\ , —
> (=1 /RQNH iy (10 5 (.0)dn <0, i€ {l,2,...m—1}, (19)

Jj=0
and

a i p1
/ /]RZN+1 (Um (amAng ( ) atk> + |7]| |u1| ) dn dt +

k—1 ) 8k717jum 8j
SV [ S .0) 5L (,0) dy < 0 (20)
=0

for any nonnegative test function ¢ € C* k(RQNH h.

11

M ugq [P, p e REVFL ¢ €]0, 400, 1<i<m



Theorem 2. Assume that u{*~" € LY(R*M*1), 1 <i <m, and

(k—1) _
/RZNJA i (77) d77 2 0, 1 S 72 S m.

Then, Q@ < 2(1—1/k)+max{ Xy, Xo, ..., X;,} implies that the system (SI) has
no nontrivial solution.

Proof. In order to simplify the proof, we treat only the case m = 3, the general
case can be established in the same manner.

Let (uq,us2,u3) be a nontrivial weak solution of (S*). The inequalities (19)
and (20), with ¢ = ¢, defined by (7), imply that

k

0
[ ealittu an at ) < [ (1l 58| + lealslusll Aoyl ) ane
oo,

1/p3 P . 1/P%
<(fmmsre.) ([0 i)
1/pf

1/p3
/ 1—9p!
+llasllo ([ IniEluso,) ([ 18m0a (oalal) )

k

0
[ eulituat an e o0 < [ (1l 58]+ lolllonl S ) dna

2
Otk
v, 1/p}
P oul™ (o Inliy™ )

</|n| |ull”1soﬁ)1 : (/ ok

1/p1 1/py
1
Hllarlloo ([ Il o0) ™ ( [ 18000 (onlnlit) )

and

[ ealitu o dr () < f (1) %2 |+ ol sl ) dnt

ok
o,

1/pa p’2 , 1/P2
< ([ mllalre,) | [ |G oalni)
1/p2 , o1, 1/py
#lloallo ([ Infzluao.) ([ 180007 (oulli) )

12




Let
LR) = [ el edn, 1< <3,

A(R) = [ 1B, I (o), 1< <3

P}

oFp,.
Bi(R) :/ otk

Then there is a positive constant C' such that

WP gndt, 1<i<3.

(¢rln

I < CI;/IB (Aé/ps' + B?l)/p3l> :

I, < Clll/pl (A}/Pll + Bi/p1/> :

I < C[21/p2 (A;/pz' + B;/Pz') .

Whence, the estimates
1——1 ’ N —i ’ N ’ ’
Il PiRrs < () (Ai/pl + Bi/pl )p2p3 (Aé/pz + B;/pz )p3 (Aé/m + Bé/m ) :

1

1— 1 , , , N —L , N L
12 PP < () (Ai/pl + Bi/pl ) (Aé/pz —l—B;/pQ )P1P3 (Aé/p?, + Bé/ps )m :

1

[;‘m <C (A%ADI, + Bi/m')% (A;/m’ + B%/Pz’) (Aé/ps' + B;/ps’)ﬁ

hold true.

In order to estimate the expressions I;, 1 <17 < 3, we use the scaled variables
(15) and obtain

1

1—
I, s < CR%1<4<3,

where

o) = (1 1 ) (Q —242- (V1+2)+P1(’Y2+2)+P1p2(73+2)) ’

" pipeps p1p2p3—1

_ 1 . 2 pap3(y1+2)+(y2+2)+p2(v3+2)
02 = (1 p1p2p3) (Q 2+ k p1p2p3—1 ) )

o3 = (1 -1 ) (Q -2+ % — p3(71+2)+p1p3(72+2)+(v3+2)) .

D1p2p3 p1p2p3—1

13



Now, we require that, at least, one of o;, 1 < ¢ < 3, is less than zero,
which is equivalent to @ < 2(1 — 1/k) + max{X, X5, X3}, where the vec-
tor (X1, X, X3)T is the solution of

—1p 0 X1 "+ 2
ps 0 —1 X3 V3 + 2

Following the arguments used in the proof of Theorem 1, we conclude that
(u, uz,uz) = (0,0,0). This ends the proof by contradiction. H

Remark 2. To determine the critical exponent Q)% corresponding to the hy-
poelliptic system

—A(aiu;) = |n Pt g e RVFL 1 < <imy,

g}f+1|ui+1
(5¢")
Um+1 = U1,
it suffices to tend formally k to infinity in the exponent Q. and obtain
Qz =2 -+ max{Xl, Xg, . Xm}

In the following section, we show that the result of Theorem 2 is also valid for
m=1.

4 Higher Order Evolution Semilinear Inequalities

Let us consider the higher inequality (I;) with the initial data

u(n,0) =u®(n), n RN,

Bu(n,0) = u®(n), i€{1,2,...k—1}, in RN*L

Definition 3. Let a a bounded measurable functions in RZ T A weak
solution u of the inequality (I,) with initial data u') € L}, (R2N+1)7 i €
{0,1, ...,k — 1}, is a locally integrable function u such that

u€ Ly, (RN [l dndt) |

loc

14



satisfying

—(—1)* Yo |P
/0 /R2N+1 <u (aAHSD (—1) atk> + |nlgul 90> dndt +

k—1 ) akflfiu az
Z(_l)l/Rwﬂ W(Uﬂ)%(%o) dn <0, (22)
i=0

for any nonnegative test function ¢ € C’f’k(RiNH’l).

Theorem 3. Assume that u*=) € LY(R*M*Y) and [w*=Y(n)dn > 0. If

1 v+ 2
<2(1-2) 4152
Q= ( k>+p—1’

then there is no weak nontrivial solution u of the system (I).

Proof. Let u be a nontrivial weak solution of (I;). Using the Holder inequality,
the equation (22) gives:

o "
otk

p/

[ euladul anr + ) < f (1

1/p
< ([ nliule, da dt ( /

' |u|\AH¢R|) iyt

o,
otk

1/p
(palnli)'™ dn dt)

N 1/p , 1 1/p'
#lalloe ([ il dnat) ™ ([ 18monl? (oalnf) ™ dyde)
where
SR — (k=1)
a(R) —/HN“ (1) @5 (n,0) dn.
Let us set 3
I(R) = [ alnlilul? dy
Ao (B) = [ 18w, (pulnlt) ™ dnat
and /
- akgp p .
Bon(B) = [ |55 (ulnl) ™ dnat.
Following the same method described in the last proof, we obtain
I(R) < C (A (R) + B, (R)"7) I(R)', (23)

where C' is a positive constant independent of R. Using the same scaled vari-
ables as before, we have the estimate

I(R)'™'? < CR7,

15



where 1
-3 o)
p p
Now, we require ¢ < 0 which is equivalent to

Q§2<1—11>+7_+i (24)

In this case, the integral I(R), increasing in R, is bounded uniformly w.r.t. R.
The monotone convergence theorem implies that |1]3;|u|? belongs to L' (R 1),
Note that instead of (23) we have more precisely

l/p e / ot /
[ alub oy dnde <lal o ([ (ol e, dndt) " (Ao (R)7 + By (R)'7)
R
<C [ Inliluly dnt,
Cr

where Cp is defined in (9). Finally, using the dominated convergence theorem,
we obtain that

I HulPe, dpdt = 0.
R ), Inlaluler dn

Hence
[ inlilul? dyat = o,

which implies that © = 0. This contradicts the fact that u is a nontrivial weak
solution of (Iy), which achieves the proof. O

Remark 3. To determine the critical exponent for the hypoelliptic inequality
—Ag(au) > |nlg |ul?,

. . . . 42
it suffices to tend formally k to infinity and obtain 2 + ;_—1.
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