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Abstract
A compactness result is revised in order to prove the pointwise
convergence of the gradients of a sequence of solutions to a general
quasilinear inequality (anisotropic or not, degenerate or not) and for
an arbitrary open set. Combining this result with the well-known
Brézis-Lieb lemma, we derive simple proofs of Palais-Smale properties
in many optimization problems especially on unbounded domains.

1 Introduction.

In his recent works [3, 4], the first author observed that the pointwise con-
vergence obtained by the second author for measure data problems [12, 13,
14, 15], combined with the well-known Brézis-Lieb lemma [2], can be helpful
for proving the strong convergence of the gradient in the variational prob-
lems with critical exponents even on arbitrary domains. Notice that the
concentration-compactness principle due to Lions [11] and the concentration-
compactness principle at infinity by Bianchi et al. [1] are widely used to over-
come the difficulty due to the lack of compactness. In the case of bounded
domains and compact manifolds, the Struwe decomposition is also very useful
to recover compactness in nonlinear elliptic problems with critical exponent
(17, 6].

For the reader’s convenience and to have a self-contained paper, we rephrase,
in a more general framework, compactness results established in [12, 13, 15]
and reproduce the proofs given therein (for instance), since they are stated
for bounded sets with usual Leray-Lions operators, and for T-sets.

As examples of applications of our result, we recover in particular recent
results in [7] on quasilinear elliptic equations involving critical sobolev ex-
ponents. There is a large literature on critical exponents see for instance



(19, 20, 8, 7] and references therein. Two others examples are given, but our
principal result can be applied to a large class of quasilinear elliptic problems
where there holds a lack of compactness.

As a corollary of our result, we can state

Lemma 1. Let @ be a Caratheodory function from RN x IR x RN into
RN satisfying the usual Leray-Lions growth and monotonicity conditions.

Let (u,) be a bounded sequence of WP(IRN) = {U e LF (RY), |Vv| €

loc loc
p
Lloc

(BN)}, with 1 < p < +00, (f,) be a bounded sequence of Li (IRY) and

loc

(gn) be a sequence of V[/lgcl’p/(RN) tending strongly to zero.
Assume that (u,,) satisfies:

(H1) / a(z,un(z), Vuy(z)) - Vo dr = fapda+ < gn, @ >,
RN RN

Yo e Wi (IRY) = {v c WHP(IRY), with compact support}, © bounded.

comp

Then
1. there exists a function u such that u,(r) — u(z) a.e. in RY,

2. u € WrP(RN),

loc

3. there exists a subsequence, still denoted (u,), such that

Vu,(z) — Vu(z) ae. in RY.

This lemma 1 generalizes in particular some results of Boccardo-Murat
[18]. Thus, we give an alternate proof for critical exponents equations in-
stead of the concentration-compactness principle of P.L. Lions [11] and the
concentration-compactness at infinity of Bianchi and al. [1] for such prob-
lems.

The above lemma will be used to show that suitable Palais-Smale se-
quences are in fact relatively compact. Let us recall the following

Définition 1 (Palais Smale sequence).

Let X be a real Banach space and I : X — IR a functional mapping which
is Gateauz differentiable. We say that a sequence (u,)n>o i a Palais-Smale
sequence if:

(a) there is a real number ¢ such that lirf I(u,) =c.



(b) lim I'(u,) =0 strongly in the dual X'.

n—-+00

Remark 1. In our application X will be a reflexive Banach space, the con-
ditions (a) and (b) will (often) imply the boundedness of (uy,), from which we
will have statement 1. and 2. (with additional compactness). The hypothesis
(H1) will often follow from (b).

2 Notations and compactness result.

Let © be an arbitrary open set of IRY, we shall denote by w CC Q any
relatively compact open subset w of € (that is @ C 2, where @ is the closure
of w).

Let 1 <p; <400, 1=1,...,N, we set

p=min{p;, 1<i< N},

loc HLloc (plv"'upN)7

WaT (@) ={ve Lﬁ%m Vo e LE(Q)}.

=1

N
We remark that U LY () = L7 ().

=1
For given ¢ € (1,400), we denote by ¢’ := _L; its conjugate exponent. We

shall use the following globally real Lipschitz functions:

oif |of<e

Fore >0, c € R, S.(0) = )
esign(o) otherwise,

and o := Si(o) for k > 1
We shall consider a nonlinear map @ : Q x IR x RN — RN satisfying:

(L1) a(z,-,-) is a continuous map for almost every x and for all (o,§) €
RxIRY,a(-,0,&) is measurable (such a property is called Caratheodory

property),

(L2) @ maps bounded sets of VVI})?(Q) into bounded sets of H LlOC
i=1
and for almost all z € Q, for all (¢,¢) in IR x RN, a(x,0,6)-£& >0,
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(L3)

(L4)

for almost every z € Q and for all v € Wﬁ?(ﬂ), the mapping u +—
N

a(x, u, Vo) is continuous from W7 (w)-weak into H LPi(w)-strong, for
i=1

all w CC €,

for almost every z € €, for all (0,&) € R x RN, i =1, 2,
[E(x,cr, &) —a(z, o, 52)} [51 - 52] >0, for & # &.

if for some x € Q, there is a sequence (0,,,&1,) € R x RN, & € RY
such that [?i(:v, Ons fln) —EZ(:B, On, 52)] [gln — 52} and o,, are bounded as

n — oo then [£,| remains in a bounded set of IR as n — +o0.

We start with this result concerning the convergence almost everywhere of
the gradients:

Theorem 1. _
Let (u,) be a bounded sequence of W57 (). Then

(i) There is a subsequence still denoted (u,) and a function u € Wl’?(Q)

loc
such that u,(z) — u(x) a.e. in Q as n — +o0.

(1) If furthermore, we assume (L1)-(L4) and thatVyp € C2(Q), Yk > ko >

0:
hmsup/ﬁﬁ(az,un(a:), Vu,(z)) - V(pS:(u, — u*)) < o(1)

n—-4oo

as € — 0 then there exists a subsequence still denoted (u,,) such that

Vu,(z) — Vu(z) a.e. in Q.

Remark 2.

2.1.

2.2.

2.3.

The function o(1) in (ii) might depend on k and .

Asin [15], one can give a more general framework using T-sets instead
of VVéf(Q) but in view of our applications to variational problems de-

rived from Euler equations, this framework seems not be appropriate.

The proof of (ii) is the same as in [13, 14, 15], for convenience we
reproduce it here.



2.4. The assumption (L2) is satisfied if py = ... = pny = p and for all
w CC Q, there is a constant ¢, > 0 and a function ag € LP (w) such
that for almost every x € w, for all (0,€) € IR x RN :

@, 0,6)| < cu| o™ + 1€ + ao(a).

and (L4) is true if a(z,0,8) - & = L |€F — 2, ., >0.

w

2.5. Bounded sets in Wl’?(ﬂ) will be bounded in

loc

N N
WP (w) = {U € ULpi(w% Vv € HLp"(w)}, for every w CC €.
i=1 =1

2.6. If pp = ... = pn, we adopt the usual notation for Sobolev spaces:
WhP(w) and we use 2.4.

Proof.

(i) Let (w;);j=0 be a sequence of bounded relatively compact subsets of €
+oo

such that W; C w;41 and ij = Q. Since (up)n>o is bounded in
j=0
le?(wj), by the usual embeddings, we deduce that there is a subse-

quence ;) and a function u in W7 (w;) such that w,(z) —
n—-+0oo

u(z). We conclude with the usual diagonal Cantor process.

(i1) Let ¢ € C(Q2), 0 < ¢ <1, ¢ =1 onwj; and supp (¢) C wjy1, and set
Ay, u)(z) = [a(x,un(x), Vi, (z)) —/d(:):,un(x),Vu(x))}V(un—u)(a:).

Then one has:

(17.1) A(uy,u)(x) >0 a.e. on Q (due to (L3)),

(11.2) sup/ A(up,u)dx is finite (since (u,) is in a bounded set of
Wi+l

VV&;C?(Q) and the growth condition (L2)).

Let us show that lim [ ¢A(u,, u)%dx = 0. On one hand, we have
moJa

/gpA(un,u);dI = /A(un,u);godx+/A(un,u)tll<pdx. (1)
Q {

{lul>k} lul<k}
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By the Holder inequality and noticing that

c(4)
meas{x € wjtr : |ul > k} < T

one deduces that

/{A(un,u);godx < Cl(j). (2)

ful >k} kp—t

(¢m(j) are different constants depending on j and ¢ but indepen-
dent of n, ¢ and k). While for the second integral, we have

/A(un,u);gpdx:/ A(un,u);goder/ A(un,u)%cpdm. (3)
{lul<k} {lul<k}n{lun—ul<e} {lul<k}n{|un—u|>e}

Moreover, the second term in the right hand side of the last in-
equality satisfies

1—1
A(un,u)%godx < cg(j)meas{:c € wjq  |uy, —ul (z) > 5} ’
{lul<k}n{|un—ul>e}
and since (u,) converges to u in measure, we deduce that, for n
sufficiently large, measqz € wjyq @ |u, —uf(x) > 5} <e It
follows that
limsup/ A(un,u)%godx < 02(]')51_%. (4)
n—=+00 J{|u|<k}N{|un—ul>e}

Setting A;, , = wjy1 N {|ul <k} N {Ju, —u| < e}, we obtain from
the Holder inequality:

| Aot < al) (e - 2:0)" . ©

3=

with
Ii,k(f) = / a(z, up, V) - V(u, —u)pde,

n,k

]121,k(5) = /{a(% Up, V) - VS (u, —u)pdr.

lul<k}

N
Since a(x, u,, Vu) — a(x, u, Vu) strongly in H LPi(w;41) (by the

i=1
N
last statement of (L2)) and VS, (u,—u) — 0in H LPH(wjtq)-weak,
i=1
we deduce that
lim I?,(¢) =0, (6)

n—-+0o
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while for the term I, (¢), we get:
@) € [ 8 V) V(5.0 )
Q

- / (2, Un, V) - VoS (u, — u¥)dz. (7)
Q

Since

/a(x,un, V) - VoSe(u, — uf)dz| < cs(j)e, (8)
Q

the assumption (7¢) implies then

lim sup[,ik(s) < cy(j)e+o(l) ase — 0. (9)

n—-+0o

Combining relations (5), (6) and (9), it follows:

lim sup A(un,u)%wd:v <o(l) ase — 0. (10)

n—-+4o0o A€
n,k

From relation (1), (2), (3), (4), and (10), we deduce:

1 1
hmsup/ A, u)rpdr < o(1) (ase — 0)+ O <kp—1) . (11)
Q

n—-+00

Letting first € — 0 and then £ to infinity, we then obtain:

1
lim [ A(up,u)redr = 0.

n—+oo Jg,

From which we deduce that for a subsequence (u;,)n>o0,
A(u;,,u)(x) — 0 a.e. on wj.

Arguing as in Leray-Lions [10, 9], we deduce from (L4) that
Vu;, (x) = Vu(z) a.e. in w,.

The proof is achieved by the diagonal process of Cantor. &

Proof of Lemma 1 (Corollary of theorem 1)
Here, we have p; = ... = py = p. Since (u,) belongs to a bounded set of
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WLP(IRN), statement (i) of Theorem 1 implies that there is a function u and

a subsequence still denoted by (u,,) such that

Up (1) —— u(x) a.e. in RY,

n—-+00
and
u € Wil (IRY).
Then for all p € C°(RRY), ¢S.(u, —u") is an element of W2 (IRY) and
[ il = iye| <elol il <l (2)

(for every ¢ such that supp (¢) C w, © is a compact of IRY), and
‘< Gns PSe(un — uk> >‘ < ’gn‘wfl,p/(w) |9056(un - uk)‘Wl,p(RN) .

Using the fact that
k and that ]gn\w_l,p/(w) —— 0, it holds:

OSe (U — uk)‘wl,p(]RN) is bounded independently of ¢, n,

n

lim sup/ Az, up, V) - V(08 (u, — u*))dz < O(e).
RN

Finally, Theorem 1 ends the proof. &

Remark 3. Many extensions of the Theorem 1 can be made (for instance
on manifolds or on measure spaces). Here, we choose the above framework
for the applications we made here. Nevertheless, one can use Theorem 1 for
weighted spaces choosing correctly the open set Q0 and the map a.

Some results in that direction have been already made by Marchi [16], and
also by Fengquan Li, Zhao Huiziu [5] using the method of [12, 13].

3 Some examples of applications.

3.1 Example 1.

We start by recovering a recent result of H. Ohya [7] using this alternate
proof (without concentration-compactness principles) to show that we sim-
plify the author’s proof.

For this, we recall a part of the author’s framework.

Let 1 < p < N, p* =

i b and let 2 be an unbounded open set with
-P



smooth boundary if 9Q # (), 6(z), a(xz), K(z) be three non negative func-
tions with the additional regularity that 6 € C?*(Q), a € L"(Q) for some

N .
re [—, —i—oo] and K is such that e® )9 K (z) = V(x), being bounded.
p

The author defined the following sets and quantities

mwxn:{uem@n/kw uf? dr < oo},
Q

WP (9,Q) = {u e WyP(Q) : / e’ (|uff +|Vul”) < +oo},
Q

A\ = inf {/ P |7y P dm// '@ a(x) [ul? d:):} > 0,
weWbr(0,0\{0} (Jq Q
1 1 .
Iy(u) = —/ ep0($)<|Vu|p — Aa(x) |u\p>d:v - — / PO K (z) [ul” da,
b Ja P Ja

for u € W'?(0,Q). The author showed, under some hypotheses on 6 and
Q, that W'r(6,Q) is embedded continuously (resp. compactly) in L%(6, <)
provided that ¢ € [p,p*] (resp. ¢q € [p,p*)). Moreover, in this situa-
tion the Poincaré inequality holds true, which implies that the semi-norm

</ e?? |VulP dx) " is in fact a norm on Wh?(6,Q). We shall prove the fol-
Q

lowing Palais Smale property:

Theorem 2.

Under the above property, for every A < A1, any Palais-Smale sequence (U )m
of Iy on X = WYP(0,9Q) satisfying :

(a) To(um) — b
@)MWg%om(Www@»Qmqu)

contains a convergent subsequence in WP(0,Q) provided that

N—p

1 ~ -2
0<b9<b;:NSp|V]oo” ,

S = inf {/\Vu\pdx (/ Jul”” dx) }
ueWy P (Q)\{0}

Remark 4. Theorem 2 corresponds to Theorem 4.1 in [7].

where
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Proof of theorem 2
The sequence (u,,) is bounded in X as it was observed in [7]. On one hand
one has

1
[m_ [m m_ mp mpde
o) = 2 < Tytn). 5= lnlly = 5 [ ale) " e

and applying the Poincaré-Sobolev inequality, there is a positive constant ¢
such that

1 A 1
i (1 — )\—1> uml% < Lo(um) — o < Ip(um), um >< c.

Thus, / @ K () [t | dz and / @ a(x) |up,|? dx are bounded indepen-
Q 0
dently of m. If we set
a(x,§) =D EPE 2 €Q, € RY,

then @ satisfies conditions (L1)-(L4) (since 8 € C(€2)). With the definition
of X, we may then apply the first statement of Theorem 1 to conclude that
there is an element u € X and subsequence still denoted (u,,) such that

um(z) — u(z) a.e. in Q.

Furthermore since S (u, — u¥) € X and ||S:(um — u¥) || < llumllx + ullx,
we get for all p € C°(9) :

1
o

B =

/Qa(x, Vi)V (gpSg(um - uk)>dx
( /Q @pepa(x)a(x)dx>

< ([ e atajar )
Q
. -
+e (/ 6p9(x)‘um‘17* K(z )dx)p (/ gop*epe(”)K(:L’)dx)
Q Q

eIyl (ol =+l ).

Thus,
lim sup/ a(z, V) - V(oS (um — u*))dz < O(e).
Q

m——+00
Thus, from Theorem 1, passing if necessary to a subsequence, Vu,,(r) ——

m——+00
Vu(z) a.e. in .
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From Vitali’s theorem, we then deduce that u is a critical point of Iy, that
is,

Vo € X, < I)(u), ¢ >= 0.

At this stage, we apply the Brézis-Lieb lemma [2], that is from the equa-
tions,
< Ij(u,u >=0, < Ij(tp), um >=o(1),

we then have

P (2)K (x)dx =: L.

lim e |V (u — u,,)|P de = lim P |y, — u
m—+0o0o Jo m—+o0o Jo

(Note that from the integrability of a and the boundedness of (u,,) in X, we

deduce that lir}rl a(z) [ty — ul” e?*®@dz = 0 (see Proposition 1 below).)
m—-00 QO

Since V(z) = e®P)9@) K (1) is bounded, we deduce

(< |V|oo/ 0@ |y, — ul” (x)dx 4 o(1).
Q

From the definition of S, one obtains ¢ < |V STl

If ¢ = 0, the proof is done.

_N-p
P

If £ #0then £ > S V] ” . Since, lim Iy(u,) = by, thus

1 * 1
by = N/ lul? K(x)epg(“)d:c—i-ﬁﬁ—o(l) (still using the Brézis-Lieb’s lemma).
Q

N—p

1 _N-p
Then by > Nﬁ > —S% V| ” = bp, which gives a contradiction. Thus nec-
essarily ¢ = 0. ¢

==

In the next example, we give a classical existence result with a new proof
based on our approach.

3.2 Example 2.

In this paragraph, we are concerned with the existence of (at least) one
positive solution to the elliptic problem

—Apu = da(z) |uf P u+ ul” u in RY, (13)
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where the function a satisfies the following conditions: a > 0 on IR, a # 0

and a € L%(BN). The parameter A is assumed to be positive, 1 < p < N
and N > 3.
Consider the Euler-Lagrange functional associated to Problem (13) de-

fined by

1 1 «
Ja(u) == —/ |Vul? de — é/ a(z) |ul’ dx — —*/ lul’ dx
P JmrN D JRN D" JRN

which is of class C'(DV?(IRY)). We recall that D'?(IRY) is the completion
of the space D(IRY) with respect to the norm

ol = ( | vt das) .
RN

The space D'P(IRY) can also be seen as
D'(RY) = {p € L (R") : |Vy| € L(RV)}.

By solutions of Problem (13) we understand critical points of the functional
Jyr. Remark that the functional J, is bounded neither above nor below on
DYP(IRYN). Then, to find possible critical points of Jy, we limit the study
to the corresponding Nehari manifold which contains all critical points of
Jy. We recall that the Nehari manifold associated to Jy, denoted by N, , is
defined by

Ny, = {e e D"P(R™)\ {0} : Ji(p)(p) =0}.

In the sequel, we will set [lu[, , := </ a(z) |ul? dx) .
: .

Lemma 2. For every A\ > 0, the functional Jy is bounded below on the
Nehari manifold Ny, .

Proof. For every u € Ny, it holds

o (-4)1

and this ends the proof. O
As before, due to the integrability of a, the compact embedding D'?(IRN) C
LP (IRY), the Vitali’s theorem implies the following statement:

loc

1
N

p*
P

.
lull-
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Lemma 3. The functional
DYY(RY) — IR

u — a(x) |ul’ dx
RN

15 weakly continuous.
We recall that the Nehari manifold can be characterized more explicitly

by

d
Noyi= {10 (t.) € (R\{0)) x (DR \ {0)) : Gn(te) =0}
For this reason, we introduce the modified functional
Ji(t,u) := Jx(tu), on IR x D"P(IRN).

Since we are interested in positive solutions to Problem (13), we restrict
ourselves in what follows to ¢t > 0.
A direct computation shows that for every u € D'P(IRY) \ {0}, there is a
unique value A(u) of A defined by

|l
lulle
such that for every A € (0, A(u)), on has t(u, \)u € Nj,, where

V P_)\ P ﬁ
Hu ) = (H ull, HuHa,p> ' (14)

[u

A(u)

Y

p*
p*
We introduce
A1 = inf A(u)
ueDLP(IRN)\{0}

which is not other than the first eigenvalue to the nonlinear eigenvalue prob-
lem
—Ayu = Xa(x) |uf’?u in RN,

From Lemma (3), we get clearly that the characteristic value \; is positive.
Now, for every A € (0, A1) on has more precisely

Ny = {t(u,N)u : uwe D"P(IRY)\ {0}}.
For every A € (0, A1), we introduce

a(d) = uér/%/fh Ja(u) = ueDLpl(anN)\{o} Ia(t(u, Nu).

13



It is not difficult to see that the functional

DW(RY)\{0} — IR
u — St (u, Nu)

is 0—homogeneous. Then we get

a(A) = inf Jy(t(u, \)u), (15)

u€eS

where S is the unit sphere in DY (IRY). In this particular case, we have in
fact

*

1 1 Vu P Allu p Pfi—P
a(\) = inf (___) IVl p lull?, |
u€S \ p p* Hu 3

In what follows, we will write (PS). to denote a Palais-Smale sequence
of Jy with the level ¢ € IR.

Lemma 4. Let A € (0,)\;). There exists a minimizing sequence of (15)
denoted by (u,) C S such that:
(i) 0 < liminf t(u,, \) < limsup t(u,, \) < +oo.

n—oo

(ii) (t(un, N)uy) is a bounded Palais-Smale sequence for J).

Proof. Let us denote U, := t(uy,, \)u,, it holds obviously that ¢(u,, A) =
VU], On one hand, one has

11 ) o
(5 - E) (”VU"HP — A ||UnHa,p> = a()) + 0,(1).
Then,

VUL = MUnls, + Na(X) + 0,(1).

p

apr W€ conclude that

Applying the Holder and Young inequalities to ||U,||
VU, is bounded.
On the other hand, for every u € S, one gets

tP A tr
J)\(tU) 2— (1——> T
p )‘1 p*S?

where S is the best Sobolev constant in the embedding D'?(IRY) C LP" (IRV).
It follows that

30(A) > 0 suchthat a(A) > d(A) >0, (16)
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and consequently lim inf [|[VU,[[, > 0. This ends the claim (i).

For every u € DV?(IRN)\ {0} and A € (0, Ay), we have 9,Jy(t(u, \), u) = 0
and Oy Jx(t(u, A), u) < 0. The implicit function theorem implies that ¢(u, \)
is C'! with respect to u since Jy is. Let us introduce the C' functional 7
defined on S by

Ta(w) = Ta(t(u, \),u) = Jy(t(u, \u).
Then

a(N) = inf J)\(u).

u€eS

Using the Ekeland variational principle on the complete manifold (S,|| )
to the functional 7y, there exists a minimizing sequence of (15) denoted by
(un) C S such that:

1
[Ta(wa) (@)l < —llinll, for every o, € T, S,

where T, S is the tangent space to S at the point u,. Moreover, for every
on € Ty, S, one has

Ta(un)(pn) = atj;\@(um A)s )t (tn, A)(n) + aujk(t(um A); un)(@n),
= auJ)\(t(unv )\)7 un)(@n)a
since Oy Jy(t(tn, A), un) = 0, where ¢/(u,, A) denotes the derivative of (., \)

with respect to its first variable at the point (u,, A).
Furthermore, let

m: DW(RM)\ {0} — RxS

u — (Ilull: ) = (ma(w), mo(w).

Applying Holder’s inequality, we get for every (u,¢) € (D'P(IRY)\ {0}) x
DYP(IRN):

From (i), there is a positive constant C' such that
t(un, \) = C, ¥YneN.

15



Then for every ¢ € D'P(IRY), there are ¢! € IR and ¢? € T,,S such that
enl < Il [lenll < &llell and

SN (E(un, M) () = at%(t(un7A)vun)(30}z)+8u=7>\(t(una)‘)7UN)((p721)a
= 8u<]>\(t(um/\)7un)<903z)a
= Ji(un)(#}).

Therefore,

1
Kbl V() <~ llgd
< el
S pole
We easily conclude that

lim J5(U,) =0 in D~V (IRY),

n—oo

which achieves the proof. %

As a consequence of Theorem 4 (see Example 3 with p = p; = 1 =

*

N
K, p.=p :—N_pp),onehas:

Lemma 5. Let A € (0,\;) and (U,) C D*?(IRY) be a Palais-Smale sequence
for J\ such that U, — U in D*P(IRYN). Then, passing if necessary to a
subsequence, we get

VU, — VU a.e. in R". (17)
Lemma 6. Let A € (0,\) and (U,) C D'?(IRN) be a (PS). sequence for
Iy If
1 ~
— S 1
0<c< NS (18)

then Problem (13) has a nontrivial solution.

Proof. From theorem 4, J, satisfies the Palais-Smale conditions if
1
0<c< NS% Thus, any weak limit U of U, in D"P(IR™) satisfies then

J3(U) =0, Jy(U) = ¢ > 0. Consequently, U is nontrivial critical point of
Jy. ¢

<z

Lemma 7. For every A € (0, 1) we have 0 < a(\) < +5

L
N
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Proof. Let

N—p

(Ne—];,[__f>7
. v € RN, £>0.

(= +1al7) 7

U (x) =

It is well known that

V|2 = |[D.| |5 = SN/P.
Moreover,
11\ (VW= A\ 77 1
T (U, N, = (— — —) ( P P < —8N/p,
(8 J¥e) p P AL N

Then, using (16) we obtain

1
A N/p.
0<al))< —NS

¢

Theorem 3. For every A € (0, A1), Problem (13) admits at least one positive
solution.

Proof. From the preceding lemmas, it is clear that Problem (13)

possesses a solution w which is nontrivial, since a(\) # 0. Since J) is even
in u, that u € DY?(IRY) implies that |u| € DVP(IRY) and t(u, ) = t(|u, \),
we conclude that Problem (13) has a nontrivial nonnegative solution. The
maximum principle achieves the proof. &

3.3 Example 3.

Similar examples on weighted spaces can be made. Let p, p; be two non-
negative continuous functions on IR and assume that the closed set F' =

{33 € RN : p(z) = O} U {a: € RY : pi(x) = 0} is of measure zero. We set
Q = RN\F.
For every 1 < p < +00, we define

Y := D'?(R", p) = {u e Ly () : / |Vul? p(z)dx < —{—oo}.
RN

17



Let p. > p so that

_ P pe e
S, = YI{l{fO} {/RN |Vul p(:c)da:/ (/]RN |ul pl(:c)d:c) } > 0.

1 1 1
Wesetﬁz———andlet

c b Pec

Ne

aELf(lRN,pl):{f20: (x)%pl(:v)d:v<+oo},

f
RN
and the Euler-Lagrange functional defined on Y by

B = [ v [l e [ K@)

c JIRN

b P1 (l‘)dl‘,

where K is a positive function in L®(IRY). As previously, we have

M, = inf ( /IR Y, |u]pa(x)p1(ac)dx> -0,

(see Proposition 1).

Theorem 4.
Let A < A1y, and (uy,) be a Palais-Smale sequence of 1, satisfying

(a) I(um) — by,
(b) ];(um) —0in Y.
Then

1. (up) contains a weakly convergent subsequence to a function u € Y
satisfying
/ —
I(u) = 0.

2. This subsequence is strongly convergent in'Y provided that

N, Nc—p

1 Ne _
0<bp<b;:FSp” |K|oo *

We first need the following

Proposition 1.
Under the above assumptions, if (wm)m s weakly convergent to u in'Y then

lim a(z) |y — ul” p1(z)dz = 0.
m BN

18



Proof

Since |t | p1(z)dx is bounded uniformly with respect to m, then for
RN

every subset A of RN

/Aa(x) i — ul? 1 (2) d < ¢ (/A a(x)’icpl(x)dx> ¥ < oo,

But Y ¢ W,'?(€) and then Y is compactly embedded in L (Q).
Thus using the Vitali’s theorem one has, for every bounded set w in RY,

liIE a(z) |uy — ul” p1(z)dz = 0.

(Recall that Q = RN\ F and meas (F) = 0). Combining the two relations
and the integrability of a, we conclude

lim a(z) |t — ul” p1(x)dz = 0.
m RN

&

Notice that the previous proposition implies that A;, > 0.

The proof of Theorem 4 is similar to that of Theorem 2, we sketch it as the
following:

Sketch of the proof of Theorem 4

Setting ||um, | = Vi, |P p(x)dz, it follows that
Y .

A 1

1
[ (1 - /\_1,3) N, < Iy () — o < I (), Uy >

Thus ||t,,||y remains in a bounded set of IR which implies that
/ a(x) |um|” p1(x)dz and / [t [P K (x)py()dx
RN RN

are in a bounded set of IR. Thus / |t |[*¢ p1(x)dz is bounded . We deduce
RN

in particular that (u,,) remains in a bounded set of W,2"(2) (since for every
w CC Q, p, = inf, p(x) > 0 and py, = inf, p1(z) > 0). We may appeal
the first statement (i) of Theorem 1: There exist u € DV(IRY,p) and a
subsequence still denoted by (u,),, such that u,(z) — u(z) a.e. in R".
Moreover since S:(u, — u*) € Y, if we set a(z,&) = p(z) [E[P* €, for all

r € Qand ¢ € RY, then the conditions (L1)-(L4) are satisfied. Furthermore,

19



Vo € C2(R), choosing w CC 2 such that supp ¢ C w, sup p(z) and sup p; (z)
are finite, it holds then: ’ ’

/Qa(w, Vit (2)) - (95 (1 — 1)) < e(@)e+ || 2 ]|, (Ntmlly -+ [l ).

Consequently, statement (i7) of Theorem 1 is also satisfied so, we conclude
that (for a subsequence) Vu,,(r) — Vu(x) a.e. on RY. From Vitali’s
theorem, we deduce that

Vo € DYP(RN) < I'(u), ¢ >=0.
To conclude that ||u,, —ul|y, — 0, we use the Brézis-Lieb lemma to get
/ Vi, — Vul’ p(z)de = —/ |Vu|pp(3:)da:+/ |Vl p(x)dr +o(1),
RN RN RN
[ = K@pi(oide = = [ K)o (@)da
RN RN
+/ |V,
RN

Since < I)(u),u >= 0, < I(um), U, >= o(1), the above equalities imply
that

Pe K(x)py(x)dz + o(1)

ILID |, — ully = lim/ N [t — ul? K(x)p1(x)dz =: £
mJR

(noticing that hm/ x) |ty — ul?” p1(z)dx = 0 (see Proposition 1)).
Since K € L‘X’(ZRN)
[t = Kopads < 11055 ([ 1900 = 0P i)
RN RN
Thus e pe
’K’ IJ p .
If /o =0 the proof is done
If ¢y # 0 then ¢y > ]K|OO . Since
) 1 1 _Ne—p Ne—p .
hrgnlp(um) =b,:0,> Eﬁo > FCS'D " K| =b
which leads to a contradiction. &
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Theorem 5. There ezists \* € (0, \1,) such that the problem

—div (p(z)|Vul'>Vu) = pi(z) (Aa(z)|uf’*u+ K(z)|uf’""*u) in RY
(19)
has a nontrivial positive solution for every X € (A*, A1,).

Sketch of the proof.
Let A € (0,,) and ® be a positive eigenfunction associated to the positive
eigenvalue A;,. It follows that

zAuqxﬁo:fz(1—41)Mm,

Nc )\1p
where C' is a positive constant depending on the data of Problem 19 and
t(.,.) is defined in the same manner as (14) with minor changes. It is clear
that there exists A* € (0, A1,) such that VA € (A", \y,) :

C ANYP 1 e e
0<— 11— — < —=58" |K|lee * .
A (R Iy

Following the different steps of the previous example with slight changes, we
get the result. &
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