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Abstract

We establish nonexistence results to systems of differential inequal-
ities on the (2N + 1)-Heisenberg group. The systems considered here
are of the type (ES,,). These nonexistence results hold for N less than
critical exponents which depend on p; and ~;, 1 <4 < m. Our results
improve the known estimates of the critical exponent.
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1 Introduction

For the reader’s convenience, we recall some background facts used here. The
Heisenberg group HY, whose points will be denoted by n = (z,y,7) is the
Lie group (R?M*! o) with the group operation o defined by

nen=(x+&y+y7+7+2<z,§>-<T,y>)),
where (.,.) is the usual inner product in RY. The Laplacian Ay over HY is
obtained, from the vector fields X; = 0,, + 2y, 0. and Y; = 0,, — 2z, 0;, by

N

Ag = (X7 +YD). (1)

=1

Observe that the vector field T = 0. does not appear in (1). This fact makes
us presume a "loss of derivative" in the variable 7. The compensation comes
from the relation

X, Yj] = —4T, j, ke {1,2,..,N}. 2)

1
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The relation (2) proves that HY is a nilpotent Lie group of order 2. Incidently,
(2) constitues an abstract version of the canonical relations of commutation of
Heisenberg between momentums and positions. Explicit computation gives
the expression

N
” > o o o
Da =3 (25 + o + g — iy =+ 4(2? + D)5 )
8 (ax§+ay§+ Y owor i agor ($Z+yl)a¢2)

i=1

A natural group of dilatations on H" is given by
ox(n) = Az, Ay, A1), A >0,

whose Jacobian determinant is A, where

Q=2N +2

is the homogeneous dimension of H.

The operator Ay is a degenerate elliptic operator. It is invariant with
respect to the left translation of HY and homogeneous w.r.t the dilatations
0x. More precisely, we have

Ar(u(non)) = (Agu)(non), V(n,7) € HY x H",
Ag(uo6y) = A2 (Agu) o 6.

It is natural to define a distance from 7 to the origin by

N 1/4
e = (TQ +) (af+ y?f) :

=1

In [7], Pohozaev and Véron gave another proof of the result of Birindelli,
Capuzzo-Dolcetta and Cutri [1| concerning the nonexistence of weak solutions
of the differential inequality

Ag(au) + nlf [vP <0 in HY

fory>-21<p<(Q+7)/(Q—2) and a € L>(HY).
They then addressed the question of nonexistence of weak solutions of the
system (ESs):

—Ag(aru) = [nlg o, —Aw(azv) > |nlg |l
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where a;, i € {1,2} are measurable and bounded functions defined on HY,
and p; € (1,400), 75 € R, i € {1,2}. They showed that this system admits
no solution defined in HY whenever v; > —2 and 1 < p; < (Q +7)/(Q — 2),
t =1, 2. The estimates on p;, ¢ = 1, 2, are obtained using Young’s inequality
and they are not optimal. Using the Hoélder inequality, we obtain better
estimates on p;, 1 < ¢ < m. The same strategy is suitable to study the
systems (PS,,) and (HS,,):

(PSy) Ou; /0t — Am(a;u;) > [n
(HS,) 0%u; /0t — Ag(aiu) > |n

Pt e HY, 1 <d <m, Uy = g,

pi+17 HGHN7 1 §Z§m7 Um+41 = U,

Yit1
H |Ui+1

Yi+1
H |Ui+1

to obtain the following results:

Theorem 1 Assume that the initial data uEO) € L' (R#V+1) cmdfuz(-o) (n)dn >
0, 1<i<m. If

Q S IIlaX{Xl,XQ, ...,Xm},

where the vector (X1, X, ..., X;n)T is the solution of (16), then there is no
nontrivial global weak solution (uy, ..., un) of the system (PS,).

Theorem 2 Assume that initial data (for the first derivatives of u;, 1 <i <
m) ugl) e L' (R*N*1) and fugl)(n) dn>0,1<i<m. If

Q S 14 maX{Xl, XQ, ceey Xm},

where the vector (X1, Xa, ..., X,n)T is the solution of (16), then there is no
nontrivial global weak solution (uy, ..., un) of the system (HSy,).

In [2], the first author and Obeid presented results for systems of evolution
type with higher-order time derivatives. Their results are the generalized
versions of our previous results (Theorems 1 and 2) on (PS,,) and (HS,,).
For interesting results on elliptic equations and systems, we refer to the recent
articles Kartsatos and Kurta [3|, Kurta [4, 5|, and Mitidieri and Pohozaev
6]

To render the presentation very clear, we start with the case of systems
of two inequalities
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2 Systems of two Inequalities
In this section, we will treat the case m = 2 and consider the system

—Ag(awu) = |nlg v,
(ES2)
—Aalagv) = |nlg |ul™,

where a;, i € {1,2}, be measurable and bounded functions defined on HY,
p; > 1 and v;, i = 1, 2 real numbers. We identify points in HY with points
in R2VM*+1. We also recall that the Haar measure on HY is identical to the
Lebesgue measure dn = dx dydr on R2VHL = RY x RY x R. In the sequel,
the integral [pon,, will be simply denoted by [, the measure of integration
however will be specified.

Definition 1 Let a; and ay be two bounded measurable functions on RN+,
A weak solution (u,v) of the system (ESy) on R*N*1 is a pair of locally
integrable functions (u,v) such that

u € LF?

loc

(RN |32 dn)

v € Lpl (R2N+l7|7]|%11 dT})

loc

satisfying

[ (ot o) dn <o "
and

/Rw+1 (aguAgp + 0|3 |ulP?p) dn < 0 n

for any nonnegative test function ¢ € C?(R*V+1),
Theorem 3 Assume that

. 1
RQ<Q:=2+ P max{(y1 +2) + pi1(y2 + 2);p2(n +2) + (12 + 2) }.
172 —

Then there is no nontrivial weak solution (u,v) of the system (ESs).
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Proof. Let ¢, € D(HY) be a nonnegative function such that

72+ [z + [y
ol =0 (THEEERLY,

(5)
where A >> 1, R > 0 and ® € D([0, +-00]) is the "standard cut-off function"

1 if 0<r<1,
@(r):{o i r£2,_ 0<P(r) <1.

Note that supp(y,) is a subset of
Qp={n=(z,y,7) €eEY; 0<7°+[af" + |yl < 2R"}
and supp(Apnyp,) is included in

Cr={n=(z,y,7) e HY; R* <7+ |z* + |y/* <2R*}.

Let
Bl vl el
Tt
then
AN +4)D'(p) ,
Nuspy () = VO st ) a1y +
169"
B0\ (0) (el + 1) + 7ol + [9f?) + 27 < 2,y > (1 — [y?) +
160" (p) _ 72
ST D@2 (ol + )+ Tl + )+ 27 <y > (= o))

It follows that there is a positive constant C' > 0, independent of R, such
that

C
D) < 750 € ©

Let (u,v) be a nontrivial weak solution of (ES;). Using (3) and (4) with
© = ¢, one has

IN

[rlorondn <~ [awtsp,dn <l [l 12,

1/p2 1/py
/ 1— /
ol ( / rmmum) ( [ 18 i) ) @)

IN
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and
/ e, dn < — / azv Do, di

1/p1 1/p}
/ 1_ /
lasl |- ( / |n|%;|v|p1soR) ( [ 13sp b i) ) (®)

thanks to the Holder inequality. Setting

IN

1) = [zl o,dn and g = [zl e,y

we have

J(R) < CLI(R)'P Ay, o (R)!7%, (9)
where

Aps(B) = [ 150, oy lnf) 7

and (] is a positive constant independent of R. Similarly, we have

I(R) < Cy J(R)VP' A, -, (R)VP, (10)
where

Ao (B) = [ 1B Gl

and (s is a positive constant independent of R.

Note that for X sufficiently large, the integrals A,, .,(R), i € {1,2}, are
convergent. Indeed, in the expression A,, ..(R), ¢ € {1, 2}, we have |n|g > R*,
and the exponent of ¢, is positive for A large enough.

In order to estimate the integrals A,, ,.(R), i € {1,2}, we introduce the
scaled variables

F=R7?r, T=R‘'z, §=R"y. (11)
Using the fact that suppy, C (g, we conclude that
Ay (R) < C RN 2itm(l=rl) - e {1,2}. (12)

Using (10) and (12) in (9), we obtain

1

J(R)'"mm < C Ay, (R)72 Ay, o, (R)”

WS-

< CR%,
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where
1 / 1 /
o7 = (2N +2=2py+ 7l —py) + 5—2N+2—2p + (1 -p)))
by p1b2
_ Q(l— 1 )_(2p2+2+72)p1+71
pP1ip2 b1p2 '

Similarly, we have

e

I(R)"7% < C Ay, 1y (R) Apyo(R)W% < CR,

where

1 2 2
o — Q<1_ )_(p1+ +p+ 7
P1p2 pip2
Now, we require o; < 0 or o7 < 0 which is equivalent to
1

Q<Q; = ppe— 1 max{p1(2(p2 + 1) + v2) +71; p2(2(p1 + 1) + 1) + 12}

1P2 —

1
= 2+ oo — 1 max{(y1 +2) + p1(v2 +2);p2(n +2) + (12 + 2) .
1P2 —

In this case, the integrals I(R) and J(R), increasing in R, are bounded
uniformly with respect to R. Using the monotone convergence theorem, we
deduce that |n|f [v[P* and |n|j?|u[P? are in L'(R?*Y*1). Note that instead of

(7) we have more precisely
1/p2
1 /
[ enin < Nollo ([ Wiz dn) - A (1%
R

< | mEure,d.
Cr

Finally, using the dominated convergence theorem, we obtain that

i 72 P2 = 0.
A ) [l |ul*r, dn =0

Hence
[ k1ol n = o

which implies that v = 0 and « = 0 via (8). This contradicts the fact that
(u,v) is a nontrivial weak solution of (ES,), which achieves the proof. [
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Remark 1 The critical exponent ()} can be written as
Q: =2+ HlaX{Xl, XQ},

where the vector (X1, Xo)T is the solution of the linear system

G-y w

Comment 1 In their paper, Pohozaev and Véron [7] showed that if

<@t
— Q _ 2 )
then the system (ESy) has no nontrivial weak solution. The condition (14)
18 equivalent to

1< by ] € {172}7 (14)

(15)

2 2
Q§2—|—min{%+ D2t }

p—1"py—1

Theorem 1 gives a better estimate of the exponent. Indeed,

m+2)+p(pt+2) 2+t2 pri+D+0p+2) o mt2
pip2 — 1 p2—1 pip2 — 1 pr— 1
which implies that

2 2 2 2 2 2
max{(71+ )+ p1(v2 + );P2(71+ )+ (72 + )}Zmin{%%— ;72+ }
pip2 — 1 pip2 — 1 pr—1 pp—1

3 Systems of m semilinear inequalities

In this section, we give generalizations of the last results to systems with m
inequalities, m € N*.
Let (X1, X, ..., X;n) be the solution of the linear system

0 1 —p 0 ...0 0 0 X, iy — 2
o 0 0 0 0 1 —pma X1 —Ym—1 — 2
pm 00 0 ...0 0 1 X, =2
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where p; > 1 and ~; are given real numbers, i € {1,2,...,m}.
Consider the system (ES,,):

—Ap(au;) > nlE uia [P, ne Y, 1<i<m, Upi1=u, (17)

where ppy1 = P1, Ymt1 = M-

Definition 2 Let a;, i € {1,2,...,m}, be m bounded measurable functions
on RPN A weak solution (uy, ..., un) of the system (ES,,) on R*NT1 45 q
vector of locally integrable functions (uy, ..., Uy,) such that

u; € Lpi (RQN—H’ |77

loc

Ydn), i€{l,2,..,m},

satisfying

/RQN+1 (aiulmp + |n

and

B u [Prre) dn <0, i€ {1,2,...,m—1} (18)
[ @ntenag 4 Il ) dy <0 (19)
R 1

for any nonnegative test function ¢ € C?(R*N+1).

Theorem 4 If Q <2+ max{Xy, X, ..., X;,} then the system (ES,,) has no
nontrivial solution.

Proof. In order to simplify the proof, we treat only the case m = 3; the
general case can be established in the same manner.

Let (uy,us,u3) be a nontrivial weak solution of (ES,,). The inequalities
(18) and (19), with ¢ = ¢, defined by (5), imply that

1/ps3 ) s 1/ph
[l < oo ( / IUI&S\USW%) ( [ 1Bup ol ) ,

1/p1 ) L 1/
[zt < Nl ([ zlaPe,) ([ 18me0 dai))
and

1/p2 ) L 1/p},
[ st < oo ( / \nmuzm) ( [ 13up ol ) .
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Let

I(R) = / izl dn, 1< <3,

/ N )
AR = [1dup i) i<
then there is a positive constant C' such that
I, < C[;/pg ./4:1))/203/7

L, < on/r Al

| < on/” Ay
Hence, the estimates

¢ 1 /1 /1 L/

[1 P1P2P3 S CA{’1P2P3 A;’QPS A§3,

I 3 o L

[2 P1P2P3 S C’Afl A;1P2P3 A§1p3’

- T e

L ]3 P1P2P3 S C.Aflpz A;’Q A§1102P37

hold true.
In order to estimate the expressions [;, 1 < ¢ < 3, we use the scaled
variables (11) and obtain

1——1
I P77 < CR%, 1<i<3,

where

(6, = (1——2)(Q—2— CutDimGatdimpain+2)
1 = p1p2p3 p1p2p3—1 )

DP1p2p3 p1p2p3—1

oy = (1 1 ) (Q _9_ p2p3(71+2)+(’72+2)+m(“/3+2)) :

o3 = <1 1 ) (Q _9_ Ps(’y1+2)+p1p3(’yz+2)+(’ys+2)) '

DP1p2p3 p1p2p3—1
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Now, we require that, at least, one of 0;, 1 < i < 3, is less than zero, which
is equivalent to @ < 2+ max{X;, X», X3}, where the vector (X;, Xo, X3)7 is
the solution of

1 _pl 0 X1 —’}/1 — 2
0 1 —DP2 Xo = —Y2 — 2
—P3 0 1 X3 —Y3 — 2

Following the arguments used in the proof of Theorem 1, we conclude that
(ug, us,uz) = (0,0,0). This ends the proof by contradiction. [
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